Lecture Notes Graph of a Parabola - 2 page 1

Example 1. Graph the parabola y = 20x — 522 + 60. Clearly label the coordinates of five points of the parabola,
including vertex and intercepts.

Solution: We arrange the terms by degree to obtain the polynomial form, y = —5z2 + 20z + 60. From the
polynomial form, we obtain the y—intercept by substituting 2 = 0. If 2 = 0, then y = —5-0%2 420 - 0 + 60 = 60.
And so the y—intercept is (0,60). We factor out the leading coefficient and complete the square to obtain the
standard form of the equation.

y = —bx®+20x +60
y = —5(2* — 4z —12) (-2 =24z +4
y = 5<m2—4m+4 4—12)
~———
y = (1:—2 —16> distribute — 5
y = —5(x—2)%+80

The equation y = —5 (x — 2)2 + 80 is the standard form of the equation of the parabola. It is the form we use
to determine the vertex of the parabola. The vertex has to do with the complete square being zero. For the
complete square to be zero, we solve

(x—2)°
T —2

X

And so the z—coordinate of the vertex is 2. And if the complete square is zero, then the y—coordinate of the
vertex can be easily found:
y=—5(x—2)%4+80=—-5-0+80 =80

so the vertex is (2, 80).
Notice that the expression —5 (x — 2)2 is always negative or zero, and so now 80 is the greatest value that the
expression —b (x — 2)2 + 80 achieves. Indeed, if the leading coefficient is negative, the parabola opens

downward. We now factor the expression to find the coordinates of the z—intercepts. For the x—intercepts, we
solve the equation

x = 7 so that y=0
= 7 so that —5z2+20z+60=0

We continue the computation from the second last line and factor via the difference of squares theorem.
5 ((:1: —9)2 - 16) S

—5(x—2 ) - 0
Sr—244)(x—-2-4) = 0
)

—5x+2)(z—-6) = 0 = zx1=-2 x2=06

Thus, there are two z—intercepts, (—2,0) and (6,0). We will compute a few more points before graphing the

parabola. We will work with z—coordinates close to that of the vertex, and use the standard form of the parabola,
2

y=—5(x—2)"+ 80.

(© Hidegkuti, Powell, 2011 Last revised: March 24, 2015



Lecture Notes

Graph of a Parabola - 2

page 2

if 2 = —3,then y = —5(—3—2)% +80 = —45

ifz = —1,theny=—5(—1-2)>+80=35

ifz = 1,theny=-5(1-22+80=75 = found
ifz = 3, theny=-5(3-2%+80=7 = found
if 2 4, then y = —5(4—2)24+80=60 = found
ifz = 5 theny=-5(5-22+80=35 = found
ifz = 7,theny=—-5(7—2)>+80=-45 — found

We are ready to graph: we have the following points, listed left to right:

(—3,—45)
x—intercept | (—2,0)
(—1,35)
y—intercept | (0, 60)
(1,75)
vertex (2,80)
3,75)
(4, 60)
(5,35)
xr—intercept | (6,0)
(7,—45)

= found (—3,—45)
= found (—1,35)

(1,75)

(3,75)

(4

(6,-5)
(7, —45)

y 1007

-257

-507

=751

-100"

-1257

-1500

10

15

Example 2. Graph the parabola y = 42 + 222 — 70. Clearly label the coordinates of five points of the parabola,

including vertex and intercepts.
Solution:

y =2z + 42 — 70
We factor out the leading coefficient
2 (2% + 2z — 35)

y = 2(a?+2c+1— 1—35)

| —

y = 2(x+1 —36):2(m+1)2—72
(¢
(z
(z+

y = 2 :U—i—l )
y = 2(x+1+46)(x+1-06)
y = 2(x+7)(z-5)

(© Hidegkuti, Powell, 2011

polynomial form = y-—

(z+1)2=2>+22+1

standard form =— vertex:

factored form — z — intercepts (—7,0),

intercept:

(0, —70)

(—1,-72)

(5,0)
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We find a few additional points, close to the vertex. We are ready to graph: we have the following points, listed

left to right:
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Example 3. Graph the parabola y = 8x — §x2 — 32. Clearly label the coordinates of five points of the parabola,

including vertex and intercepts.

Solution: Since the leading coefficient is negative, the graph will be that of a downward opening parabola.
1
Yy = —§x2 + 8x — 32 polynomial form = gy — intercept: (0,—32)

1
We factor out the leading coefficient, —3

1
y:—i(x2—16:c+64) (x —8)* = 2% — 162 + 64

As we are getting ready to complete the square, we notice that the expression in the parentheses is a complete

square. This means that y = —3 (z — 8)? is the standard form and the factored form all in one.

1
For the vertex, we can think of the equation as y = 3 (x — 8)2 +0 and so the vertex is (8,0). For the z—intercepts,

1
we can think of the equation as y = —5 (x — 8) (z — 8) and so there is one x—intercept, (8,0) that is also the vertex.
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We find a few additional points, close to the vertex and then graph the parabola.

y 207
. 10
y—ntercept (((i’ _%13)) 2, 10 12 14 16 18
— 5 : S
(27 _18) 10
(47 _%) 20
(5, —3)
(67 _2) N,
=
vertex and z—intercept | (8,0) ol
T .
(9, —3)
(1 ’_2) -607T
(12, -8) o
(13’ 72275) -80™

Example 4: Graph the parabola y = —362 — 322 — 60. Clearly label the coordinates of five points of the parabola,
including vertex and intercepts.

Solution: Since the leading coefficient is negative, the graph will be a downward opening parabola.

y = —32°—36x—60 = y — intercept: (0, —60)
y = —3(2%+ 122+ 20) (z +6)* = 2% + 122 + 36
y = -3 <x2 + 12 4 36 —36 + 20)
—_——
y = -3 ((x +6)% - 16) — 3(z+6)2+48 —  vertex: (—6,48)
y = -3 ((:1: +6)% — 42)
y = —3(x+10)(x+2)
y = —3(x+10)(z+2) = x —intercepts (—10,0), (—2,0)

We find a few more points close to the vertex and graph the parabola.

13,-99)
—12,-60)
—11, —27)
~10,0)

r—intercept

1
t
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Example 5. Graph the parabola y = 9 — z2. Clearly label the coordinates of five points of the parabola, including
vertex and intercepts.

Solution: Since the leading coefficient is negative, the graph will be a downward opening parabola.
y=—ax2+9 polynomial form = gy — intercept: (0,9)

Because the linear term is missing, we do not need to complete the square, the polynomial form is also the standard
form. If it helps, we can think of —z2 + 9 as — (z — 0)> + 9 to see that the vertex is (0,9).

y=—22+9 standard form = vertex: (0,9)

For the factored form, we factor out the leading coefficient and factor via the difference of squares theorem.

)= (0= ()
y = —(x+3)(x—3) factored form = z — intercepts (—3,0), (3,0)

We find a few additional points close to the vertex and then graph the parabola.

e
(=5, —16)
(*47 *7) st
x—intercept (—3,0) .
(_2, 5) }'8 }'7 }'6 }'5 }'4 -3 }'2 }'1 0 }1 ; }4 }5 LS }7 }8
(—1,8) = X
vertex and y—intercept | (0,9) ol
(1,8) 7
(2,5)
x—intercept (3,0) 2
(4’ _7) -25T
(5, —16)

Example 6. Graph the parabola y = 622 — 36z + 78. Clearly label the coordinates of five points of the parabola,
including vertex and intercepts.

Solution: Since the leading coefficient is positive, the graph will be an upward opening parabola. We first factor
out the leading coefficient and then complete the square to obtain the standard form.

= 622 — 36z +78 —> y — intercept: (0,78)
= 6 (2% — 62+ 13) (z-3)°=2?-62+9
y = 6(x2—6x+9—9+13)
—_——
y = 6 <(x —3)% + 4) =6(z—3)2+24 = vertex: (3,24)

This parabola has no xz—intercepts. This is because it is an upward opening parabola with its vertex above the
x—axis. Indeed, the expression 6 (z — 3)2 + 24 is always at least 24. Consequently, this expression is never zero.

Algebraically, this means that the factored form can not exist, because it would certainly guarantee x—intercepts.
Indeed, this parabola does not have a factored form of its equation because the sum of squares in the parentheses

in 6 ((:E — 3)2 + 4) can not be factored. Recall that the sum of two squares can never be factored.

(© Hidegkuti, Powell, 2011 Last revised: March 24, 2015



Lecture Notes

Graph of a Parabola - 2

page 6

We find a few more points close to the vertex and graph the parabola.

y—intercept

(
(0,78)
(1,48)
(2,30)
vertex (3,24)
(4,30)
(5,48)
( 0

Practice Problems

Graph each of the parabolas given below. In each case, clearly label the coordinates of five points of the parabola,

including vertex and intercepts.
1.) y=336— 1622 — 64z

2.) y=3z%-30z+75

3.) y=dx—2z%-20

(© Hidegkuti, Powell, 2011

4.) y =6z —2?

5.) y=32%—12

1
6.) y:4m+§$2+10

7) y=z(2—2x)—-1

8.) y=—12z —22% - 10
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Practice Problems - Answers

1.) y=336— 1622 — 64z

polynomial form: y = —162? — 64z + 336 y—intercept: (0,336)

standard form: y=—16(x+2)>+400 vertex: (—2,400)

factored form: y=—-16(z+7)(z—3) ) o
x—intercepts: (—7,0) and (3,0) [

additional points: (—5,256), (—4,336), (—3,384), (—1,384), (1,256), I
(2,144), (4, —176)

2.) y=3z%-30z+75

polynomial form: y = 322 — 30z + 75 y—intercept: (0,75) e\&

standard form: y=3(zx—>5)° vertex: (5,0) .

factored form: y=3(x—5)> x—intercept: (5,0) .

additional points: (1,48), (2,27), (3,12), (4,3), (6,3), T T R
(7,12), (8,27) .

3.) y=4dx — 22220

polynomial form: y = —2x2 4 4z — 20 woe s s« 2t 2 s s s Mo
y—intercept: (0, —20)

standard form: y=—-2(x—-1>%*-18  vertex: (1,—18)
factored form: doesn’t exist, no x—intercepts

additional points: (=3, —50), (-2, —36), (2, —20), (3, —26),
(4a _36)7 (5a _50)7 (67 _68)

4.) y =6z — 2?

polynomial form: y = —2? + 6z y—intercept: (0,0) 51

5432401 2 3 45 7 8 9 101112 13 14 15

standard form: y=—(z—37°+9 vertex: (3,9)

factored form: y=—x(x—6) x—intercepts: (0,0) and (6,0) 51
additional points: (—1,-7), (1,5), (2,8), (4,8), (5,5), (7,=7), 2]
(8, _16) 307
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5.) y=3z%—12

polynomial form: y = 322 — 12 y—intercept: (0, —12) 121

standard form: y=3z2-12 vertex: (0,—12)

factored form: y=3(r+2)(x—2) x—intercepts: (—2,0) and (2,0)

additional points: (—4,36), (—3,15), (—=1,-9), (1,-9), (3,15), ,
(4,36), (5,63) ol

1
6.) y:4x+§x2+10

1
polynomial form: y = 5:52 +4x 4+ 10 y—intercept: (0, 10)

T~
>

1
standard form: y=3 (x+4)* 42 vertex: (—4,2)
factored form: doesn’t exist, no x—intercepts

additional points:  (—7,%), (=6,4), (-=5,2), (=3,5), (-2,4)

09 8 7 6 5 4 3 2 -1 1 2 3 4 5

L o olem & o w

7) y=x(2—z)—1

polynomial form: y= —x?+ 2z — 1 y—intercept: (0,—1) :
standard form: y=—(z—1)>? vertex: (1,0)
factored form: y=—(z—1)>? x—intercept: (1,0)

additional points: (=2, —9), (=1, —4), (2,—1), (3,—4), (4, -9), (5, —16)

8.) y=—12z —22% - 10

polynomial form: y= —2z? — 12z — 10 y—intercept: (0,—10) 0
standard form: y=—-2(x+3)%*+8 vertex: (—3,8) e\
factored form: y=-2(x+5)(z+1) \

xr—intercepts: (—5,0) and (—1,0)

additional points: (—7,—24), (—6,—10), (—4,6), (—2,6), (1,—24), (2,—42)

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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