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Sets in geometry are often interpreted in terms of properties of the points making up the sets. It is interesting to see how such

geometric locations can result in sets of all kinds of shapes. As a matter of fact, many of our geometric objects are defined in

terms of geometric location of points with certain properties. Here are a few examples.

.

Definition: A circle is the set of all point in the plane that are equidistant to a

fixed point. That point is called the center of the circle, and that

equal distance is the radius of the circle.

Discussion: What shape do we get if we remove ’in the plane’ from the definition of the
circle?

Suppose we fix line segment AB and allow C to move around in the plane. Most properties of triangle ABC would change
along with C.

Exercise 1. Let AB be a line segment of length 8 units. Find the set of all points C in the plane for which the area of
triangle ABC is 20 unit2.

Exercise 2. Given line segment AB,. find the set of all points C in the plane for which the sides AC and BC have equal
length.

The Thales circle is an interesting and important example of shapes as geometric locations of points with specific properties.

Let us consider triangle ABC. Let us again fix line segment AB and allow C to move around in the plane. This time we will

focus on the angle at point C.

.

Theorem: (Thales’s Theorem) If points A, B, and C lie on a

circle and AB is a diameter, then triangle ABC has

a right angle at C.

Definition: Given line segment AB, the cicle that contains A

and B and AB is its diameter is called the Thales
cicle of the line segment.
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Proof: Suppose that line segment AB is a diameter in a circle. Let M

be the the midpoint of the line segment. M is also the center of

the circle. Let C be a third point on the circle. Let us connect

M with C. Line segments MA, MB, and MC have the same

length as they all are radii of the circle. Therefore, triangles

AMC and MBC are isosceles.

The angles opposite equal sides are also equal. We will denote them by α and β. Now let us look at the angles of

triangle ABC. If we add them, we get 2α+ 2β = 180◦ therefore α+ β = 90◦.

So the angle at C is a right angle. This concludes our proof. �

For any line segment, its Thales circle exists and it is unique. We can also easily construct this circle. Given line segment

AB, we construct its midpoint M . Then we draw a circle centered at M, with radius AM .

Points on the Thales circe form a right angle when connected to the endpoints of the diamater. Is there any other such point

besides points on the Thales circle? Are all such points on the Thales circle? We will prove the converse of the Thales

theorem, that states that all such points are on the Thales circle. So, we have a rigth angle only for points on the Thales circle.

.

Theorem: Suppose that ABC is a right triangle, with the right angle at C. Then C is also on the Thales

circle of line segment AB.

Proof: Suppose that ABC is a right triangle and M is the midpoint of hypotenuse AB.

Let us draw two lines through M , parallel to BC

and AC. Let D and E denote the intersections

of these lines with sides BC and AC. Triangles

EMB and DAM are both similar to the original

triangle. This is because all corrsponding sides

are parallel and therefore all three triangles have the

same angles.

In case of similar triangles, the sides are proportional. Because M is the midpoint of AB, the hypotenuses BM and

MA are half of the hypotenuse AB, both EMB and DAM have sides half as long as the sides of ABC. Therefore,

the length of BE is half of the length of BC and the length of DA is half of the side CA. Therefore, E and D are

the midpoints of sides CA and BC.

Consider now triangles CME and MBE. These triangles share side EM , sides BE and EC are equally long, and

the angle between these sides are 90◦. Therefore, these two triangles are congruent.

Since side BM and side CM are equally long, the distance of C from M is the same as the distance of B from M

and the distance of A from M. Therefore, A, B, and C are equally far from M and is therefore on the circle with

diameter AB. This concludes our proof. �
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Exercise 3. Suppose a circle and and a point P outside the circle are given. Construct the two tangent lines drawn to the
circle from P .

Exercise 4. Let ABC be any triangle. Suppose we draw the Thales circle of any two sides. If P and Q are the points in
which the Thales circles intersect each other. Prove that both P and Q are on the triangle.

Exercise 5. LetABCD be any convex quadrilteral. Suppose we draw the Thales circle of two sides next to each other. Prove
that the intersection of these circles that is not on the two sides, is on one of the diagonal of the quadrilateral.
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Answers, Solutions

Exercise 1. Let AB be a line segment of length 8 units. Find the set of all points C in the plane for which the area of triangle
ABC is 20 unit2.

Solution: Let us treat sideAB as the base. The area

of the triangle is then A =
1

2
AB ·h. We

solve this for h. If AB = 8 and A = 20,
then

A =
1

2
AB · h becomes

20 =
1

2
· 8 h

20 = 4h =⇒ h = 5

Point C will work if and only if its

distance from AB is 5 units. All such

points are on a pair of lines parallel to

AB, at a distance of 5 units from the

line segment. Indeed, trianglesABC1,

ABC2 , ABC3 , ABC4 and ABC5

shown on the picture all have the same

area.

Exercise 2. Given line segment AB, find the set of all points C in the plane for which the sides AC and BC have equal
length.

Solution: For such an isosceles triangle, we need point C to be equidistant to points A and

B. That is exactly the definition of the perpendicular bisector of the line segment.

The answer is: all points of the perpendicular bisector of the line segment, except

for the midpoint of the line segment. (For the midpoint, ABC is not a triangle.)

Exercise 3. Suppose a circle and and a point P outside the circle are given. Construct the two tangent lines drawn to the
circle from P .

Solution: Recall that the tangent line to a circle is perpendicular to the radius

drawn to the point of tangency. Suppose that PS is one of the two

tangent lines. If C is the center of the circle, P the point outside,

and S the point of tangency, then angle CSP is a right angle.
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Then triangle CPS is a right triangle, with hypotenuse CP . This mean that

S must lie on the Thales circle of line segment CP . Therefore, S is a point

that is on both the original circle and the Thales circle. Therefore, S is one

of the two intersections of these two circles. To construct the tangent lines,

we contstruct the Thales circle of line segment PC. Let S and T be the

intersection of the two circles. We connect P with S and P with T . Those

are the tangent lines.

Exercise 4. Let ABC be any triangle. Suppose we draw the Thales circle of any two sides. If P and Q are the points in
which the Thales circles intersect each other. Prove that both P and Q are on the triangle.

Proof: LetABC be any triangle. Let us draw the Thales circle for sidesAB andBC. We need to prove that both intersection
points are on the circle.

Clearly, B is one of these intersections. B is obviously on the triangle. Let us denote the other intersection point by P . We
will look at angle APC.

Because P is on the Thales circle of line segment AB,
the angle APB is 90◦. Similarly, since P is on the
Thales circle of BC, angle BPC is also 90◦.

Angle APC = ∠APB+∠BPC = 90◦+90◦ = 180◦

Therefore, angle APC is a straight angle, and so P is
on line AC. This concludes our proof.

Exercise 5. Let ABCD be any convex quadrilteral.
Suppose we draw the Thales circle of two sides next to
each other. Prove that the intersection of these circles
that is not on the two sides, is on one of the diagonal
of the quadrilateral.

Proof: This is essentially the same statement as
before. In quadrilateral ABCD, ADC forms a
triangle where AC is a diagonal. If we draw the
Thales circle of line segments AD and DC, the
intersection point of the circles are D, and P. We just
proved that P is on the side AC.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions or
comments to mhidegkuti@ccc.edu.
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