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Definition: The symbol log, b represents the number that if we write as an
exponent of a, we achieve b. This expression is only meaningful if both a and b are
positive numbers and a # 1.

Every logarithmic statement can be re-written as an exponential statement.

log, b = x is the same as a” = b

Rules of Logarithms

L. log, (") ==
2. al%® = g
3. When both sides exist, log, b + log, ¢ = log, bc

b
4. When both sides exist, log, b — log, c = log, (—)
c

5. When both sides exist, xlog, b = log, (b")
log, b

6. The change-base theorem: log, b =
log.a
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Sample Problems

1. Simplify each of the following expressions.

a) logg4 + logg b4 g) logg V27

b) 1+ 2logs 3 — log, 36 h) log\/ﬁW

C) 2 logm (2{13) + loglo 25.%'
1 1) e—31n5

d) log21 — =log28 —log 15 — log v/700
2 ) J) 8log2a:

2log, (22°) — log, (1442®) + = log, (21625
e) 082 ( z ) 084 ( z ) + 3 082 ( x ) k) 3logg =
01 3 3a -2\ d®>+a
) loga Ca+1) 5 1) (logz4) (log, 5) (logs 6) (logg 7) (logy 8) (logg 9)

0
2. Which of the following is NOT equivalent to logg (Z) ?

50
) 1“(3) ) 50— I3 j 50—y 2523 25—
In8 In8 3In2 3In2 3
24) 3In2+4+1n3 —2Inb

3. Prove that logg);s) <25 = 3o 3 s

4. Let z =logz2. Express each of the following in terms of x.

a) logs6 c) logs12 e) logy 72 g) log;524 i) logs <9>
8

2
b) logs 18 d) logs24 f) logy 3 h) log <3) j) logpq 24

5. a) Suppose that log, 6 = a and logg 5 = b. Express log;, 144 in terms of a and b.
b) Let a =1log;75 and b=logy27. Express logs 10 in terms of a and b.

log390  logs 270
logzp3  logyo3

6. a) Simplify b) Write logy 5 — log, 10 as a single logarithm.

d
7. a) Prove that log(ak) (b%) = log, b. b) Prove that log, (2) = logy/q ( >

C

8. Find the domain of each of the following expressions.

a) logg (2% — 16 1 1
s ) ) @3 ®) Tom @z 1)1
[ —
b) logs (x +4) + logs (z —4) d) logs (2% +1) log o (22 — 22)
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9. Solve each of the following equations.
a) logy(z—3)(z+1)=5 e) logy(r—3)—logy(z+1)=1
b) logy (x —3) +logy (x +1) =5

1
2 3
f) [643 - 37 logzr 8} +logy 2® = 14
c) logy (x+29) —logy (z —3) =1

13
d) logg2 + logg (2z — 5) + logg (v — 5) =2 g) loggy x + log, 64 = G
10. (Enrichment) Solve each of the following equations.
a) logy, 16 4 log,, 8 = log, 8 c) log, (x —3)-log,_ 3 (z+20) =2
b) a (1 — 10g21 3) = ].0g21 30 — 10g21 (7:13 + 1)
Practice Problems
1. Simplify each of the following expressions.
a) logiob + logo2 e) 4los2a i) logs (3z) + logs (152%) — 2logs 3
b) log, 320 —log, 5 f) 2losay j) 2lny/m+3Inm
c) log, (40a) — log, ba g) 2lnva?—1—-In(x+1) k) 2logs (245) — logy (14448%)
d) log;,0.0002 + log;y 5 h) logg V12 + logg v/18 1) logg (12b%) — 2logs (2b)
m) log /52 + 3log2 + log 125 + log v/325 — log 13
2. Which of the following is NOT equivalent to logg (gg) ?
36 6
{25 G In36 — In 25 In36 — In 25 6 —Inb
A) —~ B —~ C) ——— D) ——— E) ——
) In9 ) 2In3 ) 2In3 ) In9 ) In3
3. Let x = logy 5. Express each of the following in terms of z.
1
a) logy 125 ¢) logy 1000  e) logy <2> g) logyp 2 i) logs, 80 k) logs, <2§>
. 16
b) log, 10 d) log, 80 f) logs2 h) logs 10 j) logjpo 10 1) logs <25>

4. Let p =logy 5 and ¢ = logs 3. Express each of the following in terms of p and q.
a) log, 10 c) logs10 e) logs30 g) logy 24
b) logs45 d) logs6 f) logy 3 h) logy, 30

5. Find the domain of each of the following expressions.

a) logs (—x2 + 10z — 23 1 2% — 62
( ) c) log, (22 — 62 + 8) ¢) In 4 — 22

1
b) log, (z* — 6z + 8) d) log, (z — 2) + log, (z — 4) f) In(z? — 6z) — In (4 — 2?)
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In (x2 — 6:[1)
8) In (4 — 22)

6. Solve each of the following equations.

a) logg (8 — ) + logg (x + 12) =2 f) log,_ 1 (x+2)+log, ; (x —2) =2
b) log, (3m +5) — logy (m + 7) = ; g) logya +logy (z —4) =5 ;

c) logy (3z —5) +logy (z —6) =4 h) log, (z — 1) 4 logy (z +3) = B

d) logy (2—y)+ 10g2 (10—y)=7 i) loggz +logg 2z +1) =2

e) log, (12 —x) = j) logy (z —5) +logy (x +11) =9

Sample Problems - Answers

1) a)3  b) -1 o 24+3loggz  d) -2 o) 1+8logyz ) 1 g 2 h)% ) %5
j) a3 k) V& 1) 2 2.) E  3.) see solutions

4) a) z+1 b) z+2 c) 2x+1 d) 3z+1 e) 3x+2 f) % g) giii
h)y z—1 i) 2—3z ) gii;

5.) a) 2;;)11_11) b) %+a;1 _ab _22+6 6.) a) 3 b) logy <\/21>0> 7.) see solutions

8.) a) {z|r < —4 or z >4} in interval notation: (—oo, —4) U (4, c0)
b) {z|r > 4} in interval notation: (4,00) c¢) {z|r > 3 but x # 4} in interval notation: (3,00) \ {4}

1 1
d) R e {x|a: >3 but x # 41} in interval notation: <2,oo> \ {41}
f) {z| 0 <z <2 but z # 1} in interval notation: (0,2) \ {1}

9) a) =5, 7 b) 7 «¢) 3 d) 7 e) nosolution f) 16 g) 16, 512 10.) a) ,2 b) log;5 ¢) b

1
V8

Practice Problems - Answers

3
1) a1 b)3 ¢ 3 d) -3 e) a? f) vy g -1 h) 3 i) 14 3logsz
j) 2lnm k) —1+6logz A 1) 1 m) 4 2) B
3) a) 3z b) a+41 o 3243 d) z+4 o) z—1 f) + g — p 1
: x x x x T — -
T & rz+1 T
x+4 1 4—-2x 4
i N - K4-2c 1 -2 9
i) 2z +1 ) 2 ) v ) T x
1 1 1
4) a) p+1 b) 2¢+1 ¢ E—i—l d) 5+q e) ];—i-q—i-l f) pg g pg+3
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1
- 1
) pJqur _pt+pg+1
3 —=
° 1y pqg+3
p

a) {x| 5—-V2<z<5+ \@} - in interval notation: (5 —V2,5+ \/i)
b) {z|r <2 or x >4} - in interval notation: (—o0,2)U (4,00)
c) {x<2andx7é3—ﬂorx>4andx7é3+\@}

in interval notation: (—o0,2) U (4,00)\ {3 —v/2,3+ 2}
d) {z >4 and z # 3+ 2} - in interval notation: (4,00)\ {3+ v2}
e) {xr| —2<z<0or2<z<6} -in interval notation: (—2,0)U(2,6)
f)
g) {—2 <2 <0andxz# —+3} in interval notation: (—2,0) \ {—v/3}

{z| — 2 < x < 0} in interval notation: (—2,0)

6) a) 10,6 b) 9 ¢ 7 d) -6 e 3 f)g &) 8 h) 5
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Sample Problems - Solutions

1. Simplify each of the following expressions.
a) logg4 + logg 54 = logg (4 - 54) = logg 216 = 3
b) 1+ 2logy3 — log, 36

Solution: We re-write each expression as a single base 2 logarithm. We will use by the rule nlog, b = log, (b™)

1 =1logy2 and 2logy 3 = logy 3% = logy 9

2.9

C) 2 loglo (2.’1;) + loglo (25.’1;)
Solution: by the rule nlog, b = log, (b"), we have 2log;, (2z) = log;, [(21:)2} = logy (42?)

2log;p (2) +logp (252) = log, (4:132) + log; (252) = logyg (41’2 - 25z) = logy (100:U3)

1
d) log21 — 3 log 28 — log 15 — log /700

Solution: Note that log 21 is the same as log; 21
1
E = log21— 3 log 28 — log 15 — log V700 = log 21 — log V28 — log 15 — log v/ 700

— log2l — (1og\/%+ log 15 + log \/700> —log 21 — (1og\/%. 15- \/700>
3.7 3 1

21 21
lo =lo =lo =log — =log — = -2
g\/28-15~\/700 g2ﬁ-15-10\ﬁ g2'7-15-10 g300 g100

e) 2log, (22°) — log, (1442®) + %logz (2162°)

Solution: We can combine the expressions only if they are simple logarithms of the same base. Recall the
rule nlog, b = log, (b™)
2logy (2:65) = log, (23:5)2 = logy (4x10)

We change the second expression to base 2.

logy (1442%)  log, (1442®) 1 g
log, 4 = 5 =35 logs (144x )

log, (144:68) =
and we use the rule nlog, b =log, (b") to get rid of the coefficient
%logZ (144z8) = log, [(1441"8)1/2] = log, V14428 = log, (12x4)
We similarly get rid of % in the third expression:

1
5 log, (2162°) = log, [ (2162°)"/*| = log, V21625 = log, (62?)
We are now ready to simplify the expression:

E

2log, (22°) — log, (1442®%) + %logz (2162°)
= log, (42'°) — log, (122%) + log, (62?)
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b
And now we use log, b — log, ¢ = log, <>
c

4 10 6
= logy <1§x4> + log, (6:132) = log, <a;)> + log, (6302)

And now we use log, b + log, ¢ = log,, (bc)

a0 (6m2 8

6
= IOgZ <3;> (6.’1}'2) = ].Og2 73 )

Now we use log, b+ log, ¢ = log, (bc) and nlog, b = log, b"™ again.

= log, 2z

logy 22 = logy 2 + logy 2® = 1 4 8logy x

3a—2 a’®+a
f) I - .
) Og“(<3 a+1> 5 )

Solution:

3a—2\ a’+a 3(a+1) 3a—-2\ a’+a
E = 1 3 - —1 - -
Og“<< a—l—l) 5 > Oga(( e+l  atl 5

1) — (3a—2 1 - 2
_ 1Oga<3(a+) (3a—2) a(a+ )>:loga(3a+3 3a+ 'a)zloga<5'a):10gaa:1

a+1 5 1 5 5

g) loggv27

Solution: We have seen problems like this in the previous logarithms lecture notes (logarithms 1) but the
change base theorem makes solving it much easier. We simply switch to base 3.

1 2
loggy V2T = 83 V=l V21 =
10g3 9

OO o
e~ w

h) log s Vm7

Solution: We will switch to base m.

7
log . /7 = 08w VT _log, (%) 3 7 2 14
vm log,, vm  log,, (m!/?) 1 31 3
2

1) 673 In5

Solution: Recall that '8« = b, Thus e®? = 2.

o35 _ (elns)’?’ _ 53 1

T 125

,]) 810g2 T

Solution: Recall that a!°8«® = p. Thus 2827 = ¢

3
810g2x — (23)101%21’ — 23 logyz __ (210g2 x) — .IS
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This proble is about matching the base of the exponentiation with the base of the logarithm. There is another
way of solving this problem now that we have the switch-base theorem. We can switch to base 8.

loggz  loggx

3
— 310g8x and so 8log2x — 8310g83: — (810g81> — I3

Wl

N =

1
k) gloggz — (91/2)108295” — (9)%10g9m — (9log9 I)§ =12 = \/E

Solution: We can either change the base of exponentiation

1
gosss — (012)5° @b _ (genr)? _uh
or change the base of the logarithm:
logsz  logzxz 1
1 = = = 71
BT T Jog,0 2 2 o88”

glogoz — 3(1/2)logzz _ (310g3w>1/2 = J;% =z

1) (logz4) (log, 5) (logs 6) (logg 7) (log7 8) (logs 9)

Solution: We use the change-base formula for logarithms to re-write the expression

Inb
Ina

E = (logz4) (logy5) (logs 6) (logg 7) (log; 8) (logg 9)
In4d Inb In6 In7 In8 1119_1119_11r132_21113_2
In3 In4 In5 In6 In7 In8 In3 In3 In3

2. Which of the following is NOT equivalent to logg (ZO) ?

50
In <)
3 In50 —In 3 In50 —In 3 2In54+1n2—-1n3 2In5—1n3
) In8 B) In8 ©) 3ln2 D) 3In2 E) 3
Solution: Let us use the change base theorem to change to natural base.

=_ "7 which is choice A
Ing&

3

o (2) (%)

b
Now we use the rule log, b — log, c = log, (> in the numerator.
c

In @
3/ In50—1In3

In8 In8

which is choice B

Now we use the rule nlog, b = log, (b") in the denominator.

In50 —1In3 B In50 —In3 B In50 —In3

8 = 33 = 3o which is choice C
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Now we apply the rules nlog, b = log, (b") and log, b+ log, ¢ = log, (bc) in the denominator to re-write In 50.

In50 = In(2-5%) =In2+1In(5*) =In2+2In5

In50 —In3 2In5+In2—-In3 L )
—ms - - TTn 2 which is choice D

50
At this point, choice E is the only expression possibly not equaivalent to logg <3> Indeed, choice E

represents a serious algebraic error in simplifying our expression in D. Since

a+b—c  a—c
3b 7 3

E is NOT equivalent to the other expressions. One way to verify this is to enter these expressions into the
50
calculator and see that the decimal approximations are all the same for logg <3> and choices A, B, C, and

D, but different for E.

% _31n2+1n3721n5
25/  3ln2—In3—1InbH "’

Solution: We first switch to natural logarithm.

3. Prove that log(g);5) <

24
o 24\ n <25> ~ In24-1n25 In(2%-3)—In(5%) In(2°)+In3—2In5 3In2+In3—2In5
8(8/15) 8\ In8—In15 In(23)—In(3-5) 32— (In3+In5)  3In2—In3—1In5
In| —
15

25

4. Let z =logz2. Express each of the following in terms of x.
a) logs6
Solution: Recall that log, (bc) = log, b+ log, c

log36:log3(3-2)=10g33+10g32:1+x:

b) log;18
Solution: Recall that log, (bc) = log, b + log, ¢

log318:10g3(9-2)=10g39+10g32:2+x:

c) logs12
Solution: Recall that log, (bc) = log, b + log, ¢ and log, (b") = nlog, b

logg 12 = logs (3 - 4) = logs (3 - 2?) = logs 3 + logg (2?) = 1+ 2logg2 = 1 + 2z =[2z + 1]

d) logs24
Solution: Recall that log, (bc) = log, b+ log, ¢ and log, (b") = nlog, b

logy 24 = logy (3 8) = log (3 2%) =logs 3 + logy (2°) = 1+ 3logy2 =1+ 3z =[3z +1]

e) logs 72
Solution: Recall that log, (bc) = log, b + log, ¢ and log, (b") = nlog, b

log 72 = logg (9 - 8) = logg (3% - 2%) = logs (3%) + logs (2°) =2+ 3logg2 =2+ 3z =
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f) logy 3

1
Solution: We will change base to 3 using the change base formula. Recall that log, b = 08 b

log.a’

logg3 1 1

log, 3 = = =
082 logs2 logz2 |z

Note that this is a useful piece of information: if we swap the two numbers in a logarithm, we obtain the
opposite of the original logarithm. In short, log, y and log, = are reciprocals.

logg24 3z +1

1 24 = =
8) logi24 =1 5 = %t
log, b
Solution: We will change base to 3 using the change base formula. Recall that log, b = IOgC Also note
0g, a
that the expressions logs 24 and logs 12 were already worked out in previous problems. ‘
logs 24 1
log . 24 — 0gz24 _ 3z +
logs 12 2z +1
2
h) 1 =
) logg <3>
: b
Solution: Recall that log, | - | = log, b —log, c
c
2
logs <3> =logz 2 —logs 3 =
9
N1 9
i) logs <8>
9
log <8> ~logy 0 — logs 8 = 2 — logg (2%) =2 — 3logy2 = 2 - 32 = [ 3w 1 2]
: b
Solution: Recall that log, | — | = log, b — log, ¢ and log, (b") = nlog, b
c
. logz24 3x+1
1 24 = =
) dogr 24 =4 o = 3e 2
Solution: We will change base to 3 using the change base formula. Recall that log, b = 082 Also note
0g. a

that the expressions logs 24 and logs 72 were already worked out in previous problems.

logg24 |3z +1
~logy 72 | 3w +2

5. a) Suppose that log, 6 = a and logg 5 = b. Express log;, 144 in terms of a and b.
Solution: We will only need to find log, 3 and logy 5 in terms of a and b.

a = logy6=1log,(2-3)=1logy2+logy3 =1+ logy3
a = logyd+1 = logyd=a-1

logs 5  logy 5
logQS_T

b = logg 5= — 10g2 5= 3b
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logy 144 logy (16-9)  logy 16 +1logy 9 4 +1logy 3% 4+ 2log, 3

1 144 = = = = =
810 log, 10 logy (2-5) log, 2 + logy 5 1+logy 1+logy 5
44+2(a—1) 4+2a—-2 2a+2
B 1+3  3b+1  3b+1
b) Let a =1log;75 and b=logy27. Express logs 10 in terms of a and b.
Solution:
a = logs 75 = logs (3 - 25) = logs 3 + log3 25 = 1 + logz 5% = 1 + 2logs 5
a = 142logsgb
a—1
a—1 = 2logsb — log35:T
logs 27 3 3 3
b=log, 27 = —23°L _ — b= —  blogs2=3 = logg2="
logs2  logs2 logs 2 b

a—1 6 (a—1)b 6+ab—b

3
log310—log32+10g35_5+ 5 _2b+ 5 %

logz 90  logs 270
10g30 3 loglo 3 .
Solution: We first switch to base 3 and simplify the logarithms as much as possible.

6. a) Simplify

logz 90  logz270  logz90  logz270  logz9+logz10  logs 27 + logz 10
10g30 3 loglo 3 B 10g3 3 10g3 3 - 1 1
logs 30 logs 10 logs 3 4 logs 10 logs 10
2 4 logsz 10 3+ logs 10
_ 2t o i TP = (24 logg 10) (1 + logg 10) — (3 + logs 10) logg 10
1+ logs 10 logs 10

= 2+ 2logs 10 + logs 10 + (logz 10)? — 3logs 10 — (logz 10)?
= 2+ 3logz10 —3log310 = 2

b) Write logy 5 — log, 10 as a single logarithm.
Solution: We first switch to base 2.

logy 5 —log, 10 = logy b —

= log <5>:log @ = log @
2 /10 2 10 2 5

7. a) Prove that log(ak) (b%) = log, b.
Prove: We use the conversion formula for logarithms, to switch to base a.

log (bk) klog,b
k\ _ a _ av
log(“k) (b ) ~log, (a®) kO log, b

1
= logy 5 — ; log, 10 = log, 5 — log, (10)Y2 = logy 5 — logy V1(

d
b) Prove that loga/b (2) = lOgb/a ( )

c
Prove: We use the conversion formula for logarithms, to switch to the natural logarithm and then back. Also,

rT—y Y-z
Z2—w  w—2z

This is true because

we will use the following fact:
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In

n(%) " Ina—Inb Inb—1Ina _ln<

loga/b(§> hl(%)_lnc—lnd Ind—Inec

N
ISEES ] NN -
N———

) = lo8/a (d>

8. Find the domain of each of the following expressions.
a) logs (z% — 16)
Solution: We need to solve the inequality 22 —16 > 0. (If you need to review these, see Quadratic Inequalities.)
The solution is {x|z < —4 or x > 4} or in interval notation, (—oo0, —4)U (4,00).
b) logz (z +4) + logz (z — 4)
Solution: We need to solve the inequalities z +4 > 0 and x — 4 > 0.

z+4 > 0 and z—4>0
z > —4 and =z >4 — T >4

Thus the domain is {x|z > 4} or in interval notation, (4, c0)

1
2 In (x — 3)
Solution: for the expression In (z — 3) to be defined, we need that x — 3 > 0, thus z > 3. Now if x is greater
than 3, In (z — 3) is defined but we still need to worry about division by zero. We have to rule out all values
of x for which In (z —3) = 0. So we solve the equation

In(x—3) = 0 l=2-3
e = -3 4=z

Thus the domain is: {x|z > 3 but z # 4} or in interval notation, (3,00) \ {4}
d) logz (x4 1)
Solution: for this logarithm to be defined, 2 + 1 > 0 needs to be true. Since this inequality is true for all
real numbers, this expression’s domain is the set of all real numbers, R.
1
®) Togy (20— 1) — 4
Solution: for logs (22 — 1) to be defined, 2z — 1 > 0 needs to be true. We solve this inequality and get that

1
x> 3 Even if the logarithm is defined, we still need to worry about division by zero. We have to rule out

all values of = for which logs (2 — 1) —4 = 0. We solve the equation

logg 2z —1)—4 = 0 20 —1=281
logs (2 —1) = 4 20 =82
22 -1 = 3* z =41

1 1
So the domain of this expression is {:E|x >3 but z # 41} or in interval notation, <2, oo) \ {41}.

3
logyg (22 — 22)
Solution: for log; (2:13 — ac2) to be defined, 2z — 22 > 0 needs to be true. We solve this inequality and get
that 0 < = < 2. Even if the logarithm is defined, we still need to worry about division by zero. We have to
rule out all values of = for which log;, (Qm — x2) = (0. We solve the equation

logg (235—3:2) =0 0=a>—22+1
2 —x? = 10° 0=(zx—1)°
2¢ —x? = 1 =1

So the domain of this expression is {z| 0 <z < 2 but z # 1} or in interval notation, (0,2) \ {1}.
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9. a) logyg(z—3)(z+1)=5
Solution: We re-write the logarithmic statement as an exponential statement and then solve for z.

(x—3)(x+1) = 2° 22 —22—-35=0
(x—=3)(x+1) = 32 (x+5)(x—T7)=0
> —2r—-3 = 32 T1=-5 x19=T

We check: If © = —5, then
LHS = logy (=5 — 3) (=5 + 1) = logy (—8) (—4) = log, 32 = 5 = RHS

and if x = 7, then
LHS =logy (7T—3) (74 1) =log, (4) (8) = log, 32 =5 = RHS

b) logy (z —3) +logy(z+1) =5
Solution: logy (z — 3) +logy (z + 1) = logy (z — 3) (x + 1) and so this equation appears to be identical to the
previous one. But it is not. Let’s check:If x = —5, then

LHS = logy (—5 — 3) + logy (=5 + 1) = log, (—8) + logy (—4) = undefined
and if x = 7, then

and so this equation has only one solution, x = 7. So, it is very important to check.

c) logy (x4 29) —logy (z —3) =1

Solution:
logy (x +29) —logy (z—3) = 1 r+29=2(x—3)
29
logy 2720 = 1 T+29=21—6
-3
2
T2y 35=a
z—3

We check: if x = 35, then
LHS = log, (35 4+ 29) — logy (35 — 3) = logy 64 — logy 32 =6 — 5 =1 = RHS

d) logg2 +logg (22 — 5) + logg (z — 5) =2

Solution:
logg 2 + logg (22 — 5) +logg (x —5) = 2
logg2(2z —5)(z—5) = 2 re-write as exponential
62 = 2(2z—5)(x—5)

36 = 2(2x—5)(z—>5) divide by 2
18 = (2z—5)(x—5)
18 = 22% — 152425

0 = 222— 15247 factor

1
0 = 22—-1)(z—-7) = x1:§andaz2:7
. 1
We check: if x = 3 then
1 1
LHS = logg 2 + logg <2 <2> — 5> + logg <2 — 5) = logg 2 + logg (—4) + logg (—4.5)
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1
The left-hand side is undefined because the logarithm of negative numbers is NOT defined. Thus z = 5 is
NOT a solution. If z =7, then

LHS = logg2 + logg (2- 7 — 5) +logg (7 — 5) = logg 2 + logg 9 + logg 2 = logg (2 9 - 2) = logg 36 = 2 = RHS

Thus x = 7 is the only solution.

e) logy(x —3)—logy (z+1)=1

Solution:
logy (. —3) —logy (z+1) = 1 r—3=2(x+1)

z—3

| =1 —3=2zx+2

ngx—i—l T x+
-3
m = 2 —-5==z
z+1

We check: if x = —5, then
LHS = logy (—5 — 3) — logy (—5 + 1) = log, (—8) — logy (—4) = undefined

The only number, —5 that could work with this equation, doesn’t and so this equation has no solution.

SV

2
f) |643 .37 logr 8} + log, 2% = 14

Solution:

2 2
643 = (364) — 42— 16
T In8 In2® 3In2 In2 oo 9
O = = = = —— = 10
&27 m27 3% 3m3 Ing o3
3— log278 — 3— log32 — 1 — 1 — 1
3logs 2 3logs 2 2
1
1\3 3
<16 . 2) +logyz® = 14 3loggx =12
1
83 +3logez = 14 logy x =4
24+ 3logyz = 14 =16

13
g) 10g64 x + logx 64 = F

Solution: The trick is to realize that logg,  and log, 64 are reciprocals since

logox  logyx log, 64 6
1 = = d log,64= =
0864 log, 64 6 o OB logox  logyx
1 13 . . .
If we denote a = loggy x, then we have a + — = 3 where a # 0. We solve this equation using the

a
quadratic formula (completing the square would also work).

at+ - = —
a
5 13

_ = 1 =
a 6a—|—

6> —13a+6 = 0
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_131\/(—13)2—4'6‘6_13i\/169—144_131\/25_13i5_2 3
2= 2.6 - 12 T 12 T 12 T3
We check: 5 5 ) 5 3 4 9 3
Ifr==-,LlHS=-+ —==-+—-=—-+4+—-=— =RHS
Ty 3772y 3727676 6
3
3 3 1 3 2 9 4 13
fz=—-,IlHS=- 4+ —=—4+-=—-+4+ - ="— =RHS
Ty 2t 2 37676 6

2 3 2

So now we have a = 3 T 5 Since a = logg, , we have: if a = 3

2 2

ogyo =3 — 6=z — :E:642/3:<364> —42=16
) 3

Or, if a = > then

3 3

oggo=35 = 642=s — a=67= (\/64) = 83 =512
10. (Enrichment) Solve each of the following equations.

a) logy, 16 4 log,, 8 = log, 8
Solution:

log,, 16 4+1og,, 8 = log,8 switch to base 2

logy 16 logs8  logy 8

logy 2z logodr  logyx

4 3 3
+ = Let a denote log, x
1+4+logex 24 loggx logy
1 43 5 ltiply by a (a + 1) (a + 2)
= - multi a(a a
a+1 a+2 a Py by

da(a+2)+3a(a+1)
4a® + 8a + 3a* + 3a
7a* + 1la

4a® +2a -6

2¢> +a—3
(2a+3)(a—1)

Sox =273/2 = and zo = 2

=

(© Hidegkuti, Powell, 2009

al = ——

3(a+1)(a+2)
3(a2+3a+2)

302 +9a + 6
0
0
0
;) a2:1
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b) z (1 —logy; 3) = logy; 30 — logyy (7% + 1)

Solution:
x (1 —logy;3) = logy 30 —logy; (7° + 1)
x (logg; 21 —logy; 3) = logy; 30 — logy; (7% + 1)
xlogs, 23—1 = logy; 30 — logy, (7 + 1)
zlogy; 7 = logy 30 —logyy (77 + 1)
loggy (7%) = logy <7””3—(i)-1>
Since f (z) = logy; x is a one-to-one function, we can conclude that
30
[ |
T+l = 30
Let a =17"
ala+1) = 30
a>*+a-30 = 0
(a+6)(a—5) = 0
ap=-6 and ay =25
If a = —6, then we have 7* = —6. This equation has no solution. If a =5, then we have 7% =5
and so x = logy; 5.
c) log, (x —3)-log,_ s (z+20) =2
Solution: We will first change the base of the second logarithm to .
log, (x —3) -log,_5(x+20) = 2
log,, (z —3) - w 2 cancel out log,, (v — 3)
log, (x+20) = 2
2 = 420
a?—2-20 = 0
(x=5)(x+4) = 0
T1 =5 To = —4
Since z is the base of a logarithm, and also z — 3 is the argument of a logarithm, z = —4 clearly does not

work. We check the other solution and find that it does work.
LHS = logs (5 — 3) - logs_5 (5 + 20) = logs 2 - log, 25 = logs 2 - (21logy 5) = 2 (logs 2 - logy 5) =2-1 =2
So z = 5.

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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