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This is the second part of studying logarithms. Before we do that, let us recall a few things from the first part.

Definition: The symbol log, 8 represents the number of 2-factors needed to multiply each other, so that
the resulting product is 8.

Therefore, log, 8 is 3. Indeed, we need three 2-factors multiplying each other so that the result is 8. In short,

log,8 =3 because 23 =38

So, in a sense, logarithms are exponents. We need 3 on the top of 2 as an exponent for a product of 8. We can express this
concept more formally. The symbol log, b represents the number of a - factors needed to multiply each other, so that the
resulting product is b.

log,b=x because a® =b

Every logarithmic statement can be re-written as an exponential statement. The number a is called the base of the logarithm
- it is also the base of the corresponding exponential statement.

When we extended the concept of exponents from the integers to the >
real numbers, we ran into trouble with negtive bases. So, the base of

the logarithm must be positive, and cannot be 1. (This is because every

power of 1is 1.)

Considering the exponential function f () = 2%, we noticed that 2% has /

only positive values. In other words, O or negative numbers cannot be

achieved as 2-powers. Therefore, log, b is only defined if b is positive.

In summary,

fw) =2

Definition: The symbol log, b represents the number of a—-factors needed to multiply each other, so
that the resulting product is b.

log,b =z because a® =b

where a, b > 0and a # 1

Naturally, we did not need the concept or notation of logarithms for a

number like log, 8. We needed them for numbers such as log, 5..

Because f (z) = 27 is a continuous function, it must take the y—value
5 somewhere. The x—coordinate of that point is log, 5. This is
an irrational number, and there is no other way to represent its exact

value.

flz) =2"

Last revised: October 3, 2021



Lecture Notes Logarithms 2 page 2

We saw two theorems as immediate consequences of the definition:

Theorem 1. Ifa,b > 0, a # 1, and k any real number, then log, (ak) = k.
Theorem 2. If a,b > 0, a # 1,, then @!°8«® =,

For the next theorem, the ’ingredients’ are the first rule of exponentiation, a™ - a™ = a™*™, and the fact that
a® = a¥ implies © = y for all @ > 0, z, y real numbers, because f (x) = a” is a one-to-one function.

Theorem 3. When both sides exist, then log, « + log, v = log, zy.

proof.  Consider first a8« #+1°8. ¥ and qlo8a =y,
Clearly, a'°8« ¥ = gy by the second theorem. The other expression,

qlogs ztlog, y — glog,x . jlog,y — zy.

Therefore, a'%8a *+1%8a ¥ — ¢l98a 2V Since f (x) = a® is a one-to-one function, two a—powers can only be
equal if their exponents are the same. Therefore, log,  + log, y = log, zy. This completes our proof.

Discussion: Consider the condition >when both sides exist’ in theorem 3. When do both sides
0 exist? Is it possible for only one side to exist, but not the other one?

Theorem 4. When both sides exist, then log,  — log, y = log, <$>
Y

n €T
a _ . _ lo, (*)
proof.  Recall now the second rule of exponents, — = a"~"™. Consider alo8av=108. Y and g 5 \y )/
a

x

Clearly, /%% <y) -7 by the second theorem. The other expression,
Y

log,
aloga m_logay — a — x

aloga ) y ’

_ lo (£> . . .
Therefore, al°8a*~108.¥ = ¢*®\y)  Since f (z) = a” is a one-to-one function, two a—powers can only

be equal if their exponents are the same. Therefore, log, z — log, y = log, <x>
Y

Theorem 5. When both sides exist, then log,, (z¥) = y log, =.

proof.  Recall now the third rule of exponents, (a”)™ = ™. Consider a!°%.(**) and q¥'°8. %,
Clearly, a%«(*") = 2% by the second theorem. The other expression,
avlog. T — (aloga x)y — Y.
log, z—lo 10ga<£> . T :
Therefore, a'%%*7%%a¥ = gq y/. Since f(x) = a” is a one-to-one function, two
a—powers can only be equal if their exponents are the same. Therefore,

log, z — log, y = log, (x) This completes our proof.
Y
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These are very useful properties. For example, Theorem 5. enables us to get approximate values using the calculator.
A scientific calculator is usually programmed to compute two logarithms: loga is short for log;, a, called the common
logarithm, and ln a is short for log, a, also called the natural logarithm. How could we compute exact values for numbers
such as logy 7?7 This newly found property enables us to do just that. Let us denote log, 7 by . Then

2t =7 let us take the common logarithm of both sides
log (2%) = log7 Use theorem 5 to get exponent to the baseline
xlog2 = log7 solve for x by dividing both sides by log 2
_ log7
~ log?2
. . log 7
We can use the calculator with expressions such as Ton 2 ~ 2.807 4.
og

The last computation can be performed using any base besides 10. Consider log, b = x.

a® = b let us take base c logarithm of both sides
log, (a®) = log.b Use theorem 5 to get exponent to the baseline
zlog.a = log.b solve for x by dividing both sides by log 2
log, b log,. b
= e = log, b= 08D
log.a log.a

This is the proof for our last theorem, the change-base theorem.

log. b
Theorem 6. Foralla,b,c > 0,a,c# 1,log,b= O8c

log.a’

All together, we will use these six theorem to compute with logarithms. There are many other statements, but they can be
easily derived from these six.

Enrichment

Prove each of the following. Assume that a,b > 0, a # 1 and n any real number,

1. loggny (b") = log,, b.

1
2. logya = ——

log, b
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In summary, we have the following six theorems.

Suppose that a, b, c > 0, a,c # 1 and x is any real number. Then the following are all true.

1. log, (a*) =z 4. When both sides exist,
b
2 glog.T — o log, b —log, c = log, (—)
: c
3. When both sides exist 5. When both sides exist,

lOga b+ lOga c= loga be Z 1Oga b= 1Oga (bx)

6. The change-base theorem:

log,. b
log, b = L
log.a
Sample Problems
1. Simplify each of the following expressions.
a) logg 4 + logg b4 g) logg V27
b) 1+ 2log, 3 — log, 36 h) log,/m m?
c) 2logo (2z) + logo 25z
1 i) 673ln5
d) log21 — —log28 — log 15 — log /700
2 ) ]) 810g2x
e) 2log, (2:1:5) — logy (1443:8) + 3 log, (216:66) k) 3ome
| 5 3a -2\ a’+a
Dlog \(3=277) 3 ) (logs 4) (log, 5) (logs 6) (logg 7) (logz 8) (logs 9)
: . . 50
2. Which of the following is NOT equivalent to logg <3> ?
(2
t 3 In50 —In 3 In50 —In 3 2In5+1In2—-1n3 2In5—1n3
A) ——— By ——— C) ———— E) —
In8 In8 31In2 3In2 3
24 3In2+4+1n3 —2Inb
3. Prove that log(g;5) (25> = 32 _m3—In5
4. Let x = logs 2. Express each of the following in terms of x.
a) logs 6 ¢) logs 12 ¢) logs 72 g) log, 24 ) Tog, (9>
8
2
b) log, 18 d) log, 24 f) logs 3 h) logs (3> i) logys 24
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5. a) Suppose that log, 6 = a and logg 5 = b. Express log;, 144 in terms of @ and b.
b) Leta =log; 75 and b =log,27. Express logs 10 in terms of @ and b.

6. a) Simplif logz 90 logs 270
' P 10g30 3 loglo 3

b) Write log, 5 — log, 10 as a single logarithm.

d
7. a) Prove that log(ak) (b*) =log,b.  b) Prove that log, , (2) = logy/, < )

c

8. Find the domain of each of the following expressions.

1 2_16 1 1
» logs (x ) ©) In(z — 3) °) logs 2z — 1) — 4
3
b) logs (z + 4) + logy (x — 4) d) logg (22 +1) " logo (22 — 2?)

9. Solve each of the following equations.

a) logy (x —3)(z+1)=5 e) logy (x —3) —logy (z+1) =1
1

b) log, (z —3) +logy (x +1) =5 9 3
f) [643 - 37 logar 8] + log, 2% = 14

c) logy (x +29) —logy (z —3) =1
13
d) logg 2 + logg (22 — 5) + logg (z — 5) = 2 g) loggy x +log, 64 = —=
10. (Enrichment) Solve each of the following equations.

a) logy, 16 + log,, 8 =log, 8 ¢) log, (x —3) -log, 5 (x+20) =2
b) z (1 —logy; 3) = logyy 30 — logg; (7% + 1)

w Practice Problems

1. Simplify each of the following expressions.

a) log;o5 + logyg 2 e) 4losz0 i) logs (3z) + logs (152%) — 2logs 3
b) log, 320 — log, 5 f) 2lossy j) 2Iny/m +31In ¢m

¢) log, (40a) — log, 5a g) 2Invz2 —1—In(z+1) k) 2logz (2A4%) — logy (144A8)

d) log;(0.0002 + log;, 5 h) logg V12 + logg /18 1) logsz (12b%) — 2logs (2b)

m) log /52 + 31log 2 + log 125 + log v/325 — log 13

. . . 36
2. Which of the following is NOT equivalent to logg (25> ?

6
o <5> In 36 — In 25 In 36 — In 25 In6 — In5

B) 2In3 © 2In3 D) In9 In3
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3. Letx = log, 5. Express each of the following in terms of x.

5 16
a) logy 125  c¢) logy 1000 ) log, <2> g) logqo 2 1) logsn 80 k) log, <>

25
. 16
b) log, 10 d) log, 80 ) logs2 h) logs 10 j) logpo 10 1) logs <25>
4. Letp = log, b and ¢ = logs 3. Express each of the following in terms of p and q.
a) logy 10 c¢) logs10  e) logs30  g) logy 24
b) 10g5 45 d) 10g5 6 f) 10g2 3 h) 10g24 30
5. Find the domain of each of the following expressions.
a) logs (—22 + 10z — 23) d) 1 f) In (22 — 62) — In (4 — 22)
logy (x — 2) + logy (z — 4)
b) log, (:U2 — 6z + 8)
1 z? — 6z In (22 — 62
) e o %)
logy (2 — 62 + 8) 4—u In (4 — 22)
6. Solve each of the following equations.
a) logg (8 — x) + logg (z + 12) = 2 f) log, 1 (z+2)+log, (x —2)=2
1 _
b) logy (3m +5) — logy (m +7) = g) logy x +logy (z —4) =5
c) logy (3z —5) +logy (z —6) =4 h) logy (x — 1) +logy (z +3) = 3
d) logy (2 —y) + log2 (10—y)=7 i) loggx + logg (22 + 1) =2
¢) log, (12 — ) = j) logy (z = 5) +logy (z +11) =9
A1
-~ -
@ Answers
Sample Problems
l.a)3 b)—1 c¢)2+3logez d)—2 e l+8logyz 1 g)% h) %4 )ﬁ Dt vz D)2
2. E 3. see solutions
1 3z +1 . Lor+1
4, a)z+1 Dbz+2 ¢)2x+1 d)3z+1 e)3x+2 f); g)2x+1 hyz—1 1)2-3z J)3$+2
2(a+1) 3 a—-1_ ab—b+6 V10 .
5. a) 31 b) 3 + 5 = % 6.a) 3  b)logy (2) 7. see solutions

8. a) {z|r < —4 or z > 4} in interval notation: (—oo, —4) U (4,00)  b) {z|z > 4} in interval notation: (4, co)
1 1
¢) {z|x > 3 but z # 4} in interval notation: (3,00)\{4} d)R e) {a:|:c >3 but z # 41} in interval notation: (2, oo) \ {41}
f) {z] 0 < z < 2butz # 1} in interval notation: (0,2) \ {1}

9. a)—5,7 b)7 ¢)35 d)7 e)nosolution f)16 g)16, 512 10.. a) ,2 b) log, 5 c)b

Sl
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Practice Problems
Lal b3 o3 -3 ea® Hyy gao—1 h)% i) 1+3logsz j)2lnm k) —1+6loggA 1)1 m)4

1 1 1 4 1 4-922 4
2B 3.3z batl 3c+3 datd Qr—1 H- g A e M S R I W e
T z+1 T 2¢ + 1 2 T
1
—+q+1
1 1 1 +pg + 1
4 @p+l B)2q+1 )-+1 d-+q O)-+q+1 Hpg @Ppg+3 h LI =PTH
p P P 2iq pq+3
p

5. a) {z|5—v2 <z <5+ V2} - ininterval notation: (5 — v/2,5 + v/2)
b) {z|r <2orz >4} -ininterval notation: (—o0,2)U (4,00)
¢) {z<2andz #3—+v2orz>4andz # 3+ 2}  ininterval notation: (—oc0,2)U (4,00)\ {3 - 2,3+ 2}
d) {z >4andz # 3+ V2} - in interval notation: (4,00) \ {3+ v2}
e) {zr]| -2<z<0o0r2<z<6} -ininterval notation: (—2,0) U (2,6)

f) {z| — 2 < z < 0} in interval notation: (—2,0) g) {—2 < 2 < 0and z # —/3} in interval notation: (—2,0) \ {—v/3}

6. a)—10,6 b9 )7 d)—6 €3 f)g 98 h)5 )4 jol
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Sample Problems /% Solutions

»
1. Simplify each of the following expressions.
a) logg 4 + logg 54 = logg (4 - 54) = log 216 = 3
b) 1+ 2log, 3 — log, 36

Solution: We re-write each expression as a single base 2 logarithm. We will use by the rule n log, b = log,, (b")

1 =log, 2 and 2log, 3 = log, 3% = log, 9

2-9 1
14 2logy 3 —logy 36 = logy 2 + logy, 9 — log, 36 = log, (36) = logy () =-1

C) 2 loglo (2:13) + loglo (25[13)
Solution: by the rule nlog, b = log, (b"), we have 2log;, (2z) = logq [(23:)2} = logy (42?)

2logyy (22) + logyo (252) = logyg (427) + logyg (257) = logyg (42? - 252) = logy, (1002°)

1
d) log21 — 3 log 28 — log 15 — log +/700

Solution: Note that log 21 is the same as log; 21

1
E = log2l - log28 —log15 — log V700 = log 21 — log v/28 — log 15 — log v/700

— log2l — (log V28 + log 15 + log \/700) — log 21 — (log V28-15- \/700)

| 21 21 3.7 31 ,

o 2 —log — = —
& /28 - 15 - /700 &

U7 15-10v/7  B2.7-15-10 2300 100

¢) 2log, (22°) — log, (1442®) + %logg (2162°)

Solution: We can combine the expressions only if they are simple logarithms of the same base. Recall the rule
nlog, b = log, (b™)
2logy (2x5) = log, (2305)2 = log, (4x10)

We change the second expression to base 2.

log, (1442%)  log, (14428 1
log, (144:U8) = g210(g24 ) _ 0% (2 ) = §log2 (144:1:8)

and we use the rule nlog, b = log, (b") to get rid of the coefficient

1
3 log, (1442%) = log, [(1443:8)1/2] = log, V14428 = log, (122%)
. . 1. . .
We similarly get rid of 3 in the third expression:

%logZ (2162°) = log, | (2162°) """ | = log, V21625 = log, (62?)
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We are now ready to simplify the expression:
1
E = 2logy (2365) — logy (144308) + 3 log, (2161‘6)
= log, (4:)510) — log, (12:)@4) + log, (65[12)
b
And now we use log, b — log, ¢ = log, | -
c

4:1:10 9 :L‘G 9
= log, o + log, (62%) = log, T + log, (627)

And now we use log, b + log, ¢ = log,, (bc)

a0 (6m2

6
= IOgZ <3;> (6.’1}'2) = ].Og2 3)

= log, 228

Now we use log, b + log, ¢ = log, (bc) and nlog, b = log, b™ again.

logy 22° = logy 2 + logy 2® = 1 4 8logy x

3a — 2 a’+a
1 3 - :
b Oga(( a+1> 5 >
Solution:
3a—2\ da’*+a 3(a+1) 3a-2\ a®+a
E log“<<3 a—|—1> 5 ) Og“<( o+l a+1 5

3(a+1)—Ba—2) a(a+1) 3a+3—-3a+2 a a
= 1 . :1 . — :1 (5'7):1 :1
Oga< at1 5 08a 1 5 08a 5 08,

g) logy V27

Solution: We have seen problems like this in the previous logarithms lecture notes (logarithms 1) but the change base
theorem makes solving it much easier. We simply switch to base 3.

3
logs V27 5 3
logg \/27 - 103gg 9 - %

h) log_ s V'm7

Solution: We will switch to base m.

7
g Y logy VmT g, (m™?) 3 7 2 14
ST T Nog,, /m log, (m1?) L 3717 3
2

1) e—3ln5

Solution: Recall that a'°8«® = b, Thus e®* = 2.

—3In5 __ In5 _ =3 _
€ - (e ) =57 = 155

_]) 810g2 x
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Solution: Recall that ¢!°8«® = b. Thus 20827 = ¢
810g2x _ (23)108;233 — 93logaw _ (210g2 33)3 _ .’133

This proble is about matching the base of the exponentiation with the base of the logarithm. There is another way of
solving this problem now that we have the switch-base theorem. We can switch to base 8.
_ loggx  loggw

3
log, @ = logg 2 1 = 3loggz andso 81827 = g3loBs — (810g8 x) = 2
3

1
k) 310g9x — (91/2)log9m — (9)%105955 — (QIOgQI)é = m% = \/5

Solution: We can either change the base of exponentiation

N[
Il
N

1
3log9m _ (91/2>10g9x _ (9)% loggz _ (910g9 x) 2 _ .
or change the base of the logarithm:

loggz loggx 1
l = = = — 1
BT T Jog,9 2 2 887

310g9x — 3(1/2)10g3z — (310g3 x) 1/2 _ x% _ \/E
1) (logz4) (log, 5) (logs 6) (logg 7) (logy 8) (logg 9)

Solution: We use the change-base formula for logarithms to re-write the expression

Inb
log, b= —
©8a Ina

E = (logz4) (log,5) (logs 6) (logg 7) (log; 8) (logg 9)
In4 In5 6 In7 I8 W9 M9 _ W3 _2m3 _,
In3 In4 In5 In6 In7 In8 In3 In3 In3

2. Which of the following is NOT equivalent to logg (?) ?

50
m(g) In50 — In3 In50 — In3 2105 +1n2 —In3 2In5 — In3
A) ——— By —— C) ———— E) —
In8 In8 3ln2 3ln2 3
Solution: Let us use the change base theorem to change to natural base.

= ~"7 which is choice A
Ing&

I (29
oo (3 "3
g83
b
C

Now we use the rule log, b — log, ¢ = log,, < ) in the numerator.

m (2
"\3) ms0-n3

= which is choice B
Ing& In8
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Now we use the rule nlog, b = log, (b"™) in the denominator.

1n50—1n3_ln50—ln3_ln50—ln3
In8 ~ In22  3In2

which is choice C

Now we apply the rules nlog, b = log, (b") and log, b + log, ¢ = log, (bc) in the denominator to re-write In 50.

In50 = In(2-5%) =In2+1In(5*) =In2+2In5

In50—-In3 2In5+1n2 —-1n3 s .
—Smz - S0 which is choice D

. . . . . . . 50 .
At this point, choice E is the only expression possibly not equaivalent to logg <3> Indeed, choice E represents a

serious algebraic error in simplifying our expression in D. Since

a+b—c  a—c
3b 7 3

E is NOT equivalent to the other expressions. One way to verify this is to enter these expressions into the calculator

50
and see that the decimal approximations are all the same for logg <3> and choices A, B, C, and D, but different for E.

24 In2+1n3—21
3. Prove that log(8/15)< > ~ 3In2+41n3 nb

25)  3In2-In3—In5"
Solution: We first switch to natural logarithm.

24

| 24 _ln (25) ~ In24-In25 In(2°-3)-In(5*) m(2*)+n3—-2In5 3In2+In3-2mnb
©8(8/15) \ 25 _ln<8> T m8-In15 (2 -In(3-5) 32— (In3+In5) 3m2—In3—Inb
15

4. Let = = logs2. Express each of the following in terms of x.
a) logs 6
Solution: Recall that log,, (bc) = log, b + log, ¢

log36:10g3(3‘2):10g33+10g32:1+x:

b) logs 18
Solution: Recall that log,, (bc) = log, b + log, ¢

log318:log3(9-2)=10g39+10g32:2+x:

c) logs 12
Solution: Recall that log, (bc) = log, b + log, c and log,, (b") = nlog, b

logg 12 = logs (3 - 4) = logs (3 - 2?) = logs 3 + logg (22) = 1+ 2logg2 = 1 + 2z =[2z + 1]

d) log;24
Solution: Recall that log, (bc) = log, b+ log, c and log, (b™) = nlog, b

logy 24 = logy (3 - 8) = log (3 2%) =logs 3 + logy (2°) = 1+ 3logs2 =1+ 3z =[3z +1]
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e) logs 72
Solution: Recall that log, (bc) = log, b + log, c and log, (b") = nlog, b

logs 72 = logs (9 - 8) = logs (3% - 2%) = logs (3?) + logs (2°) =2+ 3logg2 =2+ 3z =

f) log, 3
log.b

Solution: We will change base to 3 using the change base formula. Recall that log, b = e o'
08, a

logs 3 1 1
l 3 = = = | —
082 logz2  logs2 x

Note that this is a useful piece of information: if we swap the two numbers in a logarithm, we obtain the opposite of the
original logarithm. In short, log, y and log, x are reciprocals.

logg24 3z +1

log;12 2z +1

g) logyy24 =

log.b
log.a

C

Solution: We will change base to 3 using the change base formula. Recall that log, b = . Also note that the

expressions logs 24 and logs 12 were already worked out in previous problems.

logg24 |3z +1
~logg12 |2z +1

h) logs, (;)

b
Solution: Recall that log,, () =log, b —log, c
c

2
log, <3) ~logy 2 — logy3 =

_ 9
1) logs <8>
9
logs <8> =log3 9 —log3 8 = 2 — logs (23) =2-3log2=2-3x=

Solution: Recall that log,, <b> = log, b — log, c and log, (b™) = nlog, b
c

logg24 3z +1
log3 72 3z +2

J) logyy 24 =

log,. b
log.a

C

Solution: We will change base to 3 using the change base formula. Recall that log, b = . Also note that the

expressions logs 24 and logs 72 were already worked out in previous problems.

logz24 |3z +1
logs 72 |3z +2

log,y 24 =
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5. a) Suppose that log, 6 = a and logg 5 = b. Express log;, 144 in terms of @ and b.

Solution: We will only need to find logs 3 and log, 5 in terms of a and b.

a = logy6=1log,(2-3)=1logy2+logy3 =1+ log,3

a = logyd+1 = logyd=a—-1
logy 5 logy b
b = loggh= =—— = logy,5=3b
0gs log, 8 3 082

logy 144 logy (16-9)  logy 16 +1ogy 9 4 +1logy 3% 4+ 2log, 3
logo 10 logy (2-5)  logy2+1logs5  1+1logyd  1+41logyh

logg144 =

44+2(a—1) 4+2a—-2 2a+2
143  3b+1  3b+1

b) Leta =log; 75 and b =log,27. Express logs 10 in terms of @ and b.

Solution:
a = logs 75 = logs (3 - 25) = logs 3 + log3 25 = 1 + logz 5% = 1 + 2logs 5

a = 1+2logzd

-1
a—1 = 2logz3d = log35:a2
logs 27 3 3 3
b=logy 27 = = = b= — blogz2=3 =— logz2=—
082 logs 2 logs 2 logs 2 083 083 b
3 -1 6 —-1)b 64+ab-0
log310:10g32+10g35:7+a :—4_(& ): ta

b 2 2b 2b 2b

10g3 90 B 10g3 270
logzg3  logyp3
Solution: We first switch to base 3 and simplify the logarithms as much as possible.

6. a) Simplify

log390  logs 270 logs 90 log3270  logg 9 + logs 10 logs 27 + logs 10
logsp3  logip3  logs3 logs3 1 1
logs 30 logs 10 logs 3 + logs 10 logs 10
2 4 logs 10 3+ logz 10
- =7 2 + 283 = (2+ logy 10) (1 + logy 10) — (3 + logy 10) logy 10
1+ logs 10 logs 10

= 2+ 2logs 10 + logs 10 + (logz 10)* — 3logs 10 — (log; 10)?

= 24 3log310 —3logg10 =2
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b) Write log, 5 — log, 10 as a single logarithm.
Solution: We first switch to base 2.

logy 1 logy 1 1
logy 5 —log, 10 = logy 5 — 08210 _ log, 5 — 08210 _ logy 5 — = logy 10 = log, 5 — log, (10)1/2
log, 4 2
— 5 5v/10 V10
= 10g2 5 — 10g2 10 = 10g2 <\/E> = 10g2 <10> = 10g2 <2>
7. a) Prove that log(ak) (bk) = log, b.
Prove: We use the conversion formula for logarithms, to switch to base a.
log (bk) klog, b
1 ( k) - ¢ - a” ]
8 (a¥) b log,, (a¥) k 084

d
b) Prove that loga/b (2) = 1Ogb/a <c>

Prove: We use the conversion formula for logarithms, to switch to the natural logarithm and then back. Also, we will

. T — - ..
use the following fact: T7Y _ Y7 Thisis true because
Zz—w  w-—z

-y —l(-z+y) y-a

z—w —1(—z+w) w-—2z

ol
N———

() me—md d-1 1n<
108t (&) T Egg - 1EZ—11111b B 12%12; B ln<

b

SIS

) 1o ()

8. Find the domain of each of the following expressions.
a) logs (:L'2 — 16)

Solution: We need to solve the inequality 2 — 16 > 0. (If you need to review these, see Quadratic Inequalities.) The
solution is {x|z < —4 or x > 4} or in interval notation, (—oo, —4) U (4, c0).

b) logs (x +4) + logs (v — 4)
Solution: We need to solve the inequalities x +4 > 0 and z — 4 > 0.

z+4 > Oand z—4>0
z > —4dandz>4 — x>4

Thus the domain is {z|x > 4} or in interval notation, (4, co)
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1
2 In (z — 3)
Solution: for the expression In (z — 3) to be defined, we need that z — 3 > 0, thus > 3. Now if z is greater than
3, In (x — 3) is defined but we still need to worry about division by zero. We have to rule out all values of = for which
In (x — 3) = 0. So we solve the equation

In(x—3) = 0 l=2-3

L = -3 4=z

Thus the domain is: {x|z > 3 but = # 4} or in interval notation, (3, 00) \ {4}

d) logs (3:2 + 1)
Solution: for this logarithm to be defined, 2 + 1 > 0 needs to be true. Since this inequality is true for all real numbers,
this expression’s domain is the set of all real numbers, R.
1
©) Togs 2z —1) — 4

1
Solution: for logs (22 — 1) to be defined, 2 — 1 > 0 needs to be true. We solve this inequality and get that z > 3
Even if the logarithm is defined, we still need to worry about division by zero. We have to rule out all values of x for
which logs (22 — 1) — 4 = 0. We solve the equation

logs(2z—1)—4 = 0 20 —1 =281
logs (22 — 1) = 4 9z = 82
20—-1 = 3! =41

1 1
So the domain of this expression is {x|x >3 but x # 41} or in interval notation, (2, oo) \ {41}.

3
logg (22 — 2?)
Solution: for logyq (22 — z?) to be defined, 2z — z?
0 < x < 2. Even if the logarithm is defined, we still need to worry about division by zero. We have to rule out all

values of = for which log (21: — x2) = 0. We solve the equation

> 0 needs to be true. We solve this inequality and get that

logyg (23: — x2) =0 0=a%—-2c+1
2z — 22 = 10° 0=(z—1)>
2z —2? = 1 =1

So the domain of this expression is {z| 0 < z < 2but z # 1} or in interval notation, (0,2) \ {1}.

9. a) logy(z—3)(x+1)=5
Solution: We re-write the logarithmic statement as an exponential statement and then solve for x.

(x—3)(x+1) = 2° 22— 22 —35=0
(x=3)(x+1) = 32 (x+5)(x—-7)=0
22 -2 -3 = 32 r1=-5 x9=7

We check: If x = —5, then

LHS = log, (=5 — 3) (=5 + 1) = log, (—8) (—4) = log, 32 = 5 = RHS

and if x = 7, then
LHS =log,y (7 —3) (7+ 1) = logy (4) (8) = logy 32 = 5 = RHS
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b) logy (z —3) +logy (x +1) =5

Solution: logy (z — 3)+logy (x + 1) = logy (z — 3) (x + 1) and so this equation appears to be identical to the previous
one. Butitisnot. Let’s check:If x = —5, then

LHS = logy (—5 — 3) + log, (—5+ 1) = logy (—8) + log, (—4) = undefined
and if x = 7, then
LHS = log, (7 —3) + logy (74 1) = logy 4 + logy 8 =243 = 5 = RHS

and so this equation has only one solution, z = 7. So, it is very important to check.

¢) logy (z +29) —logy (x —3) =1

Solution:
logy (x +29) —logy (z —3) = 1 x+29=2(x—3)
29
log, 2520 — 4 2 +29=20—6

z—3
29

RS g 35 ==z

Tz —3

We check: if x = 35, then
LHS = log, (35 + 29) — log, (35 — 3) = logy 64 — logy 32 =6 — 5 =1 = RHS

d) logg 2 + logg (2x — 5) + logg (x — 5) =2

Solution:

logg 2 + logg (22 — 5) + logg (z —5) = 2
logg2 2z —5)(z—5) = 2 re-write as exponential
62 = 2(2z—5)(z—5)
36 = 2(2x—5)(x—>5) divide by 2
18 = (2z—-5)(z—5)
18 = 22°—152+25
0 = 222 —15z+7  factor

1
0 = 2z2-1)(z—7) = xlzaandm:?
) 1
We check: if x = 3 then
1 1

1
The left-hand side is undefined because the logarithm of negative numbers is NOT defined. Thus z = 3 is NOT a
solution. If z = 7, then

LHS = logg 2 + logg (27— 5) + logg (7 — 5) = logg 2 4 logg 9 + logg 2 = logg (2 - 9 - 2) = logg 36 = 2 = RHS

Thus x = 7 is the only solution.
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e) logy (x —3) —logy (z+1) =1

Solution:
logy (x —3) —logy (z+1) = 1 r—3=2(x+1)
xr—3
1 = 1 —-3=2 2
ong_i_1 T T+
=3 _ 5=z
T+ 1

We check: if z = —5, then
LHS = logy (=5 — 3) — logy (—5 + 1) = logy (—8) — log, (—4) = undefined

The only number, —5 that could work with this equation, doesn’t and so this equation has no solution.
1

2 3
f) [643 . 3~ logay 8] +logy 2® = 14

Solution:
2 2
615 — (¥61) =42 =16
ooy — m8 _1n23_31n2_1nQ_1 5
°827% T 127 T In3® 33 I3
3—logyr8 _  g—logg2 _ 1 — 1 — 1
3log3 2 3log3 2 2
1
1)\3 3
16-5 +logyz® = 14 3logyxz =12
1
83 +3logyz = 14 loggz =4
2+3logyx = 14 =16
13
g) loggy x +log, 64 = —=
Solution: The trick is to realize that logg,  and log, 64 are reciprocals since
logox  logyx log, 64 6
1 = = d log, 64 = =
864 7 log, 64 6 ¢ O logox  logyx
1 13 . . . .
If we denote a = logg, =, then we have a + — = —  where a # 0. We solve this equation using the quadratic
a
formula (completing the square would also work).
n 13
a+—- = —
a 6
13
a?— “a+l =

6
6> —13a+6 = 0

) 132 \/(-13)° ~4-6-6 134 VIGI-TH 134y 1345 2
12: prm— prm— pr— pu—
2.6

3
12 12 12 3%3
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We check:

2 2 1 2.3 4 9 13
Ifo= =, LHS= -+~ ==4+°=_4+°— 2 _RH
Mt N T3 e T 66 6 i
3
3 3. 1 3.2 9 4 13
Ifo=S,LHS =2+ —— =24 -=24 =2 _RH
e =t N T2 T3 6 6 6 ;

(2)

2 3 . . 2
So now we have a = 3o 5 Since a = logg, =, we have: if a = 3

2 2
ogue =3 — #4P=o — :1::642/3:(364) =42 =16
, 3
Or, ifa = 2 then
3 3
oggo =35 = 64%7=2 — o=64"7= (\/64) = 83 =512
10. (Enrichment) Solve each of the following equations.
a) logy, 16 + log,,. 8 = log, 8
Solution:
log,, 16 4+ log,, 8 = log,8 switch to base 2
logy 16 logs 8  logy 8
logy 2z logodx  logyx
4 3 3
+ = Let a denote log, x
14+logyx  2+logyz log, x
1 5 5 multiply by a (a + 1) (a + 2)
= = ala a
a+1 a+2 a Py Y

da(a+2)+3a(a+1)
4a? + 8a + 3a® + 3a
7a® + 1la

4a® +2a — 6

202 +a—3
(2a+3)(a—1)

Sox1 = 2-3/2 = and o

Sl

3(a+1)(a+2)
3 (a®+3a+2)

36> +9a+6
0
0
=0
3
CL1——§ CL2—1
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b) X (1 — 1Og21 3) = 10g21 30 — 10g21 (751: + 1)

Solution:
X (]. — 10g21 3) = 10g21 30 — 10g21 <7$ + ].)
x (logg; 21 —loge; 3) = logy; 30 —logy, (77 + 1)
21
xlogy, 3 = logy; 30 — logy; (7% + 1)
xlogey 7 = logy; 30 — logyy (77 + 1)
30
logyy (7%) = logy <7x_|_1>
Since f (z) = logy; = is a one-to-one function, we can conclude that
30
™=
™+ 1
(" +1) = 30
Leta =T7*
ala+1) = 30
a*+a—-30 = 0
(a+6)(a—5) = 0
a1:—6 and a2:5
If a = —6, then we have 7* = —6. This equation has no solution. If @ = 5, then we have 7* =5
and so z = log; 5.
¢) log, (z —3) -log, 5 (x+20) =2
Solution: We will first change the base of the second logarithm to .
log, (xr —3) -log, 5 (x+20) = 2
1 20
log, (z —3) - E)ggi((ztg)) = 2 cancel out log,, (z — 3)
log, (r+20) = 2
22 = 420
?—2-20 = 0
(x=5)(z+4) = 0
r1 = 5 To = —4
Since x is the base of a logarithm, and also = — 3 is the argument of a logarithm, x = —4 clearly does not work. We

check the other solution and find that it does work.
LHS = logs (5 — 3) - logs_5 (5 + 20) = logs 2 - logy 25 = logs 2 - (2logy 5) = 2 (logs 2 - logy 5) =2-1 =2

Soxz =05.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions or
comments to mhidegkuti@ccc.edu.
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