Lecture Notes

Trigonometric Identities 1

Prove each of the following identities.

1. tanxsinx + cosz = secx

1

+tanyr = ———
sin x cos x

tanx

3. sinxz — sinz cos? z = sin® z

CoS (v 1+ sina
4. - + = 2secw
1+ sin o CcoS &

COS T COS T

= 2tanzx

1 —sinz 1+sinx

) CSC T COS T
6. cos"r = ————
tanx + cotx
sin*z — costx
7. —— =1

sin?z — cos? x

tan? x . 9
8. — - =s8in“x
tan‘zx + 1
1 —sinx CoS T
COS ¥ 1+sinx
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Sample Problems

10.

11.

12.

13.

14.

15.

16.

17.

18.

tan?x — 1
1—2cos’x = —5——
tanx + 1
tan?6 = csc?ftan?6 — 1

CcoS T
secr +tany = ——

1 —sinx
csc3 cotf3 ]
sinf  tanp
sin*z —costz=1—2cos?z

(sinz — cosz)? + (sinz + cosx)* = 2

sin?x 4+ 4sinxz + 3 B 3+sinx

cos? x 1 —sinz
CoS T
———F —tanx = secxw
1—sinzx

1+sinx
tan?x + 1+ tanxsecr = —
cos?
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Practice Problems
Prove each of the following identities.

COS ¥ 1 cotx — 1 1 —tanx
1. tanx + = 11. =
cotrx +1 1+ tanz

1+sinz cosS T

9. tan?z + 1 = sec? 12. (sinx + cosx) (tanx + cot x) = secx + cscx
1 1 sin® z + cos® .

3. . — . = 2tanrsecz 13, —————— =1 —sinxcosx

l1—sinx 1+sinx SIn & + Ccosx
4. tanx + cot x = secx cscx 14. cosz+1  cscw

sin® z 1 —rcoszx

1+ tan?zx 1
5. = - l1+sinz 1-—sinx

1 —tan’x  cos?z —sin’z 15. + = 4 tan z sec

1 —sinx B 1+sinx

22 g2 2
6. tan®x — sin”z = tan“ rsin“x 16. csctx — cottz = csc? z + cot2
7 1_'C0533+ ST 9 sen 17 sin’ x ~ 1—cosx
S 1 —cosz " cos?x +3cosr+2  2+4cosw
sect—1 1—cosx tan r + tan
8. = 18. tanr T rany =tanztany
sectr+1 1+cosx cotx + coty

9. 14 cot?x = csc®x

19 1+tanz cosx +sinz
csc?r —1 ) "1—tanz cosz —sinz
10. ——, — =cos'xw
csc?

20. (sinz —tanx) (cosz — cotx) = (sinz — 1) (cosz — 1)
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Sample Problems - Solutions

1. tanzsinz 4+ cosx = secx

Solution: We will only use the fact that sin® x + cos?z = 1 for all values of z.

) sinx . sin? sinz  cos?z
LHS = tanzsinz +cosz = -sinx + cosx = +cosx = +
cos T Ccos T Ccos T Ccos T
. 9 2
sin“ x + cos“ x 1
= = = RHS
CcoS T CcoS T
1
2. +tany = ———
tanx SIn x cCos

Solution: We will only use the fact that sin® x + cos?z = 1 for all values of z.

cosT sinzx cos?x + sin’x 1
+tanx = — + = - = — = RHS
tanzx sinz  coszx sin & cos x sin z cos x

LHS =

3. sinz — sinz cos? z = sin® z

Solution: We will only use the fact that sin® x 4 cos? x = 1 for all values of .

LHS = sinz — sinz cos? x = sinx (1 — cos? x) = ginx - sin? x = RHS

CoS o 1+ sinaw
4. - + = 2secw
1+ sin« COS (v

Solution: We will only use the fact that sin® x + cos?z = 1 for all values of z.

LS — _¢osa +1—|—Sino¢_ cos® a (1+sina)®  cos’a+ (1+sina)’
~ 1+sina cosae  (l+sina)cosa (1 +sina)cosa (1 +sina)cosa
_cos®a+1+2sina+sin®a cos’a+sina+ 14 2sine 24 2sina
B (1 +sina) cos B (1 + sin ) cos ~ (1 +sina)cosa

2(1 +si 2 1
('—i—smoz) = =2- = 2seca = RHS
(1+sina)cosa  cosa cos o
g _COST  cosT oo

1 —sinzx 1-+sinx

Solution: We will start with the left-hand side. First we bring the fractions to the common

denominator. Recall that sin®z + cos?x = 1 for all values of x.

[ _ o8  cosz cosz(l+sinz)  cosz(l—sinx)
"~ 1l—sinz 1+4sinz (1 —sinz) (1 +sinz) (1 —sinz) (14 sinx)

cosz (1 +sinx) —cosx (1 —sinxz) cosx + cosxsinx — cosx + cosxsinx  2sinzcosx

B (1 —sinz) (1 +sinz) 1 —sin’x cos? x
2sinx

= = 2tanx = RHS
COS T
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CSC X COST
tanx + cotx

Solution: We will start with the right-hand side. We will re-write everything in terms of sin x and
cos x and simplify. We will again run into the Pythagorean identity, sin®z + cos?z = 1.

6. cos’x =

1 1 COS & COS ¥ CoST
’ - COS T : : : ;
RHS — _°CTCOST _ sinx _ sinz 1 _ sin x _ _ sinx
tanx + cotx  SInw n cos T sin’ z cos? sin? z + cos® 1
Sin T COST Sin X COST

cosT  sSInT sinxcosxr Sinxcosx
: 2
cosx coszsinx  cos®zx
. = = cos? r = LHS

sin x 1 1

sin*z — costx
. ﬁ = 1
sin?x — cos? x

Solution: We can factor the numerator via the difference of squares theorem.

‘g —costy  (sin’ :c)2 — (cos? z)? (sin® z + cos® z) (sin® z — cos® z)

sin
LHS = —— S = — 5 = —5 5
sin® x — cos? x sin®x — cos?x sin®x — cos?x
= sin’x + cos’z = 1 = RHS
tan? x . 9
8. —5——— =sin“x
tan“x + 1
Solution:
) 2 Ly oy
(sm z ) sin® x sin® x
2
LHS tan® x _ cos T _ _cos?x  _ cos2
tan?zx + 1 sin z \ 2 sin? x sinz  cos?x
coS T cos? x cos?x  cos?zx
sin? z sin? z
.9 2
2 2 sin“x cos®zx )
_ .2cosm2 :coix: . — ginr — RHS
sin“ x + cos“ COS* X 1
COS2 T C082 xr
9 1 —sinx CoS T
" cosx 1+ sinz
Solution:
LIS l1—sinz 1—sinz 1 1—sinz 1+4sinz (1 —sinz)(l+sinz) 1 —sin®x
CoS CoS T cosx 1+sinzx cosx (1 + sinx) cosx (1 + sinx)
cos? COS T

cosx (l+sinz) 1+sinz
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10.

11.

12.

13.

tan?z — 1
1—-2cos?x = —5——
tan“z + 1
Solution:
sin? sin’ cos? sin?x — cos? x
) _ _
RHS — tan”r — 1 o524 _cos?x  coslx _ cos? x
tan?x+1  sin’zx sinx  cos?zx  sin’z + cos?
cos? x cos?x  cos?ux cos? x
sin®z — cos?x cos® x sinfz —cos’x  sin®z —cos’x ., )
= 5 C = — = — = =sin“x — cos” x
COs“ X s x + cos“x sin“ x + cos“x 1
= (1 - cos2$) —cos’xr=1—2cos®x = LHS
tan?6 = csc?ftan®6 — 1

1 sin 6\ 2 1 sin0 1
RHS = cs?ftan’f—1— —— . (20 -1 smo0 1 4
coe vhan sin? (cos 6 ) sin®f# cos? 6 cos?

1 cos?f 1 —cos?f  sin*0 sinf\”
cos?f  cos? 6 cos? 0 cos? 0 (cos 9> an
CoS T

secr +tanr = ————

1—sinz
Solution:

RHS — COST _ _©COST . COS% l+sinz  cosz(l+sinm)
~ 1l—sinz 1—sing =~ 1-sinz 1+sinz (1 —sinz)(1+sinz)
1+ si 1+ si 1+ si 1 i
_ cosx ( T|—2smzc) _ cosz (1 +sinx) _ l4sinz LT
1 —sin“x cos? x cos x COST  COST

cscB cotB 1
sinf8  tanf

Solution: We will start with the left-hand side. We will re-write everything in terms of sin 5 and
cos 3 and simplify. We will again run into the Pythagorean identity, sin? « 4+ cos? 2 = 1 for all angles
x.

1 cos 3
LS csc  cotS  sinf simfg 1 1 cos@ cosff 1 cos?

sin3 tanf sinf sinff sinfB sinfB sinf sinf  sin?f sin?f
1 cos 3

1 — cos? sin? B + cos? B) — cos? in2

L s () ot sid
sin“ 8 sin“ 8 sin® 8
14. sin*x —cos*z =1 — 2cos? z
Solution:
LHS = sin*z —cos*z = (sin2 33)2 — (cos2 :E)2 = (sin2 T + cos? a:) (sim2 T — cos? :v)

= 1-(sin2x—0082x) = (1—cos2x) —cos®’xr =1—2cos®x = RHS
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15. (sinz — cosz)” + (sinz + cosz)* = 2
Solution:

LHS = (sinz —cosz)®+ (sinz + cosz)’
(Sin2 x + cos® x — 2sin x cos CL‘) + (sin2 2 + cos® x + 2sin x cos x) =2¢in’x + 2cos’ x
= 2(sin2x+cos2x):2-1:2:RHS

sinx +4sinz + 3 B 3+sinz

16. —
cos? x 1 —sinz
Solution:
sin“z +4sinx + 3 sinz+1)(sinx + 3 sinz+1)(sinx + 3 sinz + 3
s _ St o dsing £3  (sine 1) sino+3) (o) (snr+) snred oo
cos? 1 —sin“x (I1+sinz)(l —sinz) 1—sinz
CoS T
17. ——— —tanx = secx
1 —sinx
Solution:
. 2 . . 2 . . 2
CoS T CoS T sint cos*x —sinx (1 —sinx cos’ r — sinx + sin“ z
LHS = ——— —tanz = - — = ( ): +
1 —sinz 1 —sinz cosx cosz (1 —sinx) cosz (1 —sinx)
((:os2 x + sin? x) —sinzx 1 —sinzx 1 RES
B cosx (1 —sinx) ~ cosx(l —sinw) cosz
9 1+sinx
18. tan“x + 1+ tanxsecx = —
cos? x
Solution:
; sin® z sinz 1 sinfz  cos’z  sinz
LHS = tan“z + 1+ tanzsecx = + 1+ . =
cos? x cosxT cosx cosixz cosixz  cos?z

. 2 2 . .
sin“z + cos“x + sinx 1-+sinz

cos? x cos? x

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on
Lecture Notes. E-mail questions or comments to mhidegkutiQccc.edu.
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