Lecture Notes

Two-sided Limits
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Compute each of the following limits.

1. lim (32% — 5z + 2)

T—2

. Vr+4-3
2. hm R —

r—5 r—5

Compute each of the following limits.

1. lim

1
lim —
r—8 \/IT -3

2
4. lim 37
r—2+ 9—:1:2

2 + 3z
' r—3— 9 — $2
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lim ———
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7. lim
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10.

11.

Sample Problems

li L
1m —F—--=
r——3" -’L‘2 -9

1

s——3+t 22 -9

Practice Problems

2 + 3z
im
z—3 9 — .%'2

. z2 + 3z
lim ———
r——3" 9 — 1’2

Iim ——
r——3+ 9 — 2

12.

13.

14.

15.

16.

2 _ _
11. lim £ 24“7 o
xr—b5 x4 — 25
2
— 4y —
1. x xr — 5

13. lim1 2vVx —1

14. lim

15. lim
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17. Determine the limits of the function based on its graph shown.

2) lim f(2) ¢) lim f (2) ©) lim f(a) g) lim f ()
b) lm f(z) d) f(3) f) lim f(z) h) f(6)
y/\
7__
6_.

L3 s o

@
} } ! } | | >
1. 2 3 4 5 6 7 8 9 10 X
_'I 4
18. Determine each of the following based on the picture shown.
a) lim f(z) c) lim f(z) e) lim f(z) g) lim f(z)
b) lm, /(o) ) 7 (1) D Jim f(=) b) /(7)
y/\
6-
5--
4--
&-
2I™e
1__
. — >
1 2 3 4 5 6 7 8 9 10 x
_1 4
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19. Determine each of the following based on the picture shown.

2) lm f(@) &) lim /(@) i) lim f(2) m) T f(2)
b) tim f(2) f lim f () ) lm f () w) lm f ()
¢) lim_f () g) lim f (z) k) lim £ (2) o) lim f (x)
d) f(=5) h) £(0) D £(1) p) £(2)

v

20. Determine each of the following based on the picture shown.

) lm f@) @ lm f) D) m @ ow) lm @) @ lm )
b) lm f(z) f) lim f(z) j) lim f(z) n) lim f(z) r) lim f(z)
¢) lim_f (z) g) lim f (z) ) lim £ (2) o) Iim £ (x) ) lim f ()
d) f(-2) h) f(0) ) f(2) p) f(5) t) f(7)

v

O @
5 ':1 3 3 4 5 6 l.f 8 9 10 X
2l

© copyright Hidegkuti, Powell, 2010 Last revised: January 14, 2013



Lecture Notes Two-sided Limits page 4
Sample Problems - Answers
)4 2) 13y -2 4y 14 5) —- 6 7) —oo &) undefined
6 36 . 5 . (0. @] . (0. @] . unaenne
3 3 3
9.) = 10.) = 11.) 5 12.) undefined 13.) undefined 14.) —o0 15.) oo
Practice Problems - Answers
1) —o0 2) o 3.) undefined 4) 2 5) oo 6.) —oo 7.) undefined 8.) f%
1 1 1 1 1

17.) a) 5 b) 2 ¢) undefined d) undefined ) 3 f) 3 g) 3 h) 1

18.) a) 2 Db) 3 c¢) undefined d 2 e 4 )4 g 4 h) undefined

19.) a) 4 b) 4 «¢) 4 d) undefined e) —1 f) 6 g) undefined h) 6 i) 4 j) 4 k) 4

20.) a) undefined b) 3 ¢) undefined d) 3 e 0 f) 0 g 0 h) 4 i) 3 j) 1 k) undefined

1)1 m) 1 =n) 1 o)1 p)undefined q) 1 r) undefined s) undefined t) 1

Sample Problems - Solutions

1) lim (3z% — 5z + 2)

xr—2

Solution: Let us first substitute x = 2 into the expression.
3.22-5.242=12-10+2=4

Since the result is a well-defined number, we have a two-sided limit:

lim (3x2 — bx + 2) = 4  is the left-hand side limit, and
r—2~
lim_ (32> =5z +2) = 4 is the right-hand side limit, and thus
r—2
liné (3$2 —br + 2) = 4 is the two-sided limit.
xr—
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. Ve +4-3
2) lim —

x—5 r—5

Solution: Let us first substitute x = 5 into the expression.

Srd=3 _3-3 0 undefined
5-5 0 0
This is not the end of the problem. Our result does not indicate that the limit doesn’t exist. This expression
is an indeterminate. In case of an indeterminate, we have to manipulate the expression until it is in a form so
that we can evaluate the limit. The methods of manipulation depends on the given problem. In this case, we

will use the conjugate of the numerator. We will multiply both numerator and denominator by vz + 4 + 3.

g YEFA=3 L Ve+d-3 Ve+d+43 (Ve+4-3) (Vo +4+3)

im : = lim
a—5 T —5H a—5  x—5 Vi+4+3 25  (z-5)(Vo+4+3)

. (Vo +4)? - 32 . z4+4-9 . z—5
T a5 (w-5) (Vo td+3) o=5(z—5) (Vo1d+3) o=5(z—5)(Vorata)

1
lim ——
=5/ +4+3
Although we did not change the value of this expression (after all we only multiplied it by 1), this is no longer an
indeterminate. We substitute x = 5 into this new expression:
111

VE+4+3 V9+3 3+3 6

Since the result is a well-defined number, we have a two-sided limit:
1 1 1

— is the left-hand side limit, lim is the right-hand

a—5—Vr+4+3 b+ 4 +3 V9+3 6 o5t VI +d+3 6

1 vV 4-3 1
side limit, and thus lim is the two-sided limit. Thus lim vete-sd =_.
7—5 \/IT +3 6 z—5 r—5 6
1 1
- x 6
3) iﬂ% x—6
Solution: Let us first substitute £ = 6 into the expression.
1 1
6 0
% =5= undefined
This expression is an indeterminate. We only simplify this complex fraction.
1 1 6 x 6—x
z 6 _ o 6 6x _ 6x  _ .0 0~ 1. —(z-6) 1 .. -1
=6~ o 26 i 76 a6 26 % 6r -6 %6
We substitute z = 6 into this new expression
-1 -1 1
z—6 6 6-6 36
Thus we have a two-sided limit:
1 1 11 11
- @ 1 - 6 1 PR 1
Ry T Sy e AN g gy T
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4.) i1_>m7(2a: — |z =17

Solution: Recall the definition of f (z) = |z| first.

o] = z if >0
Tl —z if <0

We will compute the left limit, lim (2z — [z —7|) first. As = approaches 7 from the left, z is less than 7. Thus

T—7
x — 7 is negative and so |z — 7| = — (x — 7).

11%17(2x—|:v—7]): 1111717(256—[—(‘%—7)]): 1111717<2$+£C—7): 111;17(31:—7):3-7—7:14

m (2z — |z —7|). As x approaches 7 from the right, = is greater than 7.

We will now compute the right limit, 1i L
z—7

Thus = — 7 is positive and so |z — 7| =z — T.
li 20 — |z —7|) = li 20 —(x—7)) = 1li 20—z +7) = 1li +7)=74+7=14
Jim (22— |z - 7)) = lim (22— (z-7)) = lm 2r-2+7)= lim (z+7)

Because the left-hand side limit equals to the right-hand side limit, there is a two-sided limit and it is 14.

lim 2z —|z—7|) = xlir% r—lz—-T7)=14 = il_)m7 2z — |z —7|) =14

r—T

1
5. li
) Jim e

Solution: Let us first substitute x = 2 into the expression.

1 1

2_-9 4-9 -5 5

1 1
Thus lim Z_9- & (although the problem did not ask us to find them, our computation shows that the
r—2- IT° —

1 1
right-hand side limit is also —5 and thus the two-sided limit also exists and is —g)

. 1
6) x—lfg}’)* ZL‘2 -9

Solution: Let us first substitute x = 3 into the expression.
1 1 1
m = m = 6 undefined

This is not a case of an indeterminate. If we divide 1 by a very small number, the result is a very large number.
Thus, the answer is either —oco or co. The ambiguity results from the fact that if a number is very close to zero, it
may be a small negative or a small positive number. We just have to find out which one it is. * — —3~ means
that z is very close to —3, and that x is less than —3. The factor z — 3 is then close to —6, so it is negative. The
factor = + 3 is close to zero. Since «x is less than —3, x + 3 is less than 0, thus negative.

r < —3 add3
z+3 < 0 == x + 3 is negative
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As x approaches —3 from the left, 22 —9 = (z + 3) (x — 3) is positive since both factors are negative. Thus the
limit is oc.
1

7. _
I i

1
Solution: When we substitute = 3 into the expression (see previous problem) we get o This means that the

answer is either —oo or co; and we only have to figure out which one. Keep in mind that x — —3" means that
x is very close to —3, and that x is greater than —3.

22 —9=(z+43)(z—3)

> -3 add 3 x> -3 subtract 3
z+3>0 xr—3>—6
the factor x + 3 is positive the factor x — 3 is negative. Although

x — 3 is greater than —6, but is also close

to —6 and so must be negative.
As z approaches —3 from the right, 2 —9 = (z + 3) (x — 3) is negative since one factor is positive and the other
is negative. Thus the limit is —oo.

. li
§.) Jim o

Solution: We have worked out the one-sided limits in the previous problems. Our results were

1
lim =oo and lim

= —0
z——3- 22 —9 z——3t 22 -9

1
Since these limits are not equal, the two-sided limit does not exist. lim3 2 g undefined
T——0o T —

2 —4x -5
9.) lm —
. S

Solution: Let us first substitute x = 5 into the expression.

52-4.-5—-5 25—-20—-5 0
= = — undefined
52 — 25 25 — 25 0

This expression is an indeterminate. In case of a — indeterminate in a rational function, we must factor both

numerator and denominator and cancel common factors. If a polynomial takes a zero at x = 5, it is then divisible
by x — 5. Thus both numerator and denominator are divisible by £ — 5. Once we cancelled all common factors,
the expression will no longer be an indeterminate.

2?2 —4x -5 (x—=5)(z+1) x+1

lim 20y _ i
oo 22-25 aob- (T —5) (2 +5) wos-z+5

We can now substitute x = 5 into this new expression

5+1 6 3

5+5 10 5
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2 —4x -5
10.) lim ———
R S

Solution: We actually have the answer to this question. In the previous problem, the expression was first an

indetermiate. After cancellation, we were able to substitute x = 5 and that indicates a two-sided limit. Thus
2
z—4x—-5 3

m = -9 _ 2
oopt 22-25 5
2

Ay —
11) lim 20

r—5 :L‘2 — 25

Solution: Since the left-hand side limit and right-hand side limit (worked out in the previous problems) both exist
and they are equal, we have a two-sided limit

i 22 —4x—5 3 4 22 —4x -5 3 I 2?—4x -5 3
m —5——— = - al m —— = — m ———— = —
a5 a2 —25 5 a5+ 12 —25 5 a—5 12 —25 5
2 _ _
12) lim L4270
=5 2 —25
Solution: Let us first substitute £ = —5 into the expression.

(_5)2 —4(=5)—5 B 25+20-5 _ @ undefined
(C5%—25  25-25 0

This is not a case of an indeterminate. If we divide 1 by a very small number, the result is a very large number.
Thus, the answer is either —oo or co on either sides of —5. We have to compute the left-hand and right-hand
limits separately. Let us first simplify this expression:

2?2 —4x -5 . (x=5)(z+1) i x+1

lim =279 gy T
ool 2225  aoos(z—5)(z+5) eo-s5z+5

Let us now compute the left-hand side limit.  — —5~ means that x is very close to —5, and that z is less than
—5.

< —bh add 5 < =) add 1
xr+5<0 r+1<—4
the factor x + 5 is negative the factor x + 1 is negative

T+ 1
As z approaches —5 from the left, % is positive since both numerator denominator are negative. Thus the
T

2 _ —
left-hand side limit is oo, i.e. lim ez b = 00.
T——5" 2 — 25

Now for the right-hand limit: = — —5% means that z is very close to —5, and that z is greater than —5.

T > -5 add 5 x> =5 add 1
r+5>0 r+1>—4
the factor x + 5 is positive the factor x + 1 is negative. Although

x + 1 is greater than —4, but is also close
to —4 and so must be negative.

. z+1 o . . . .
As x approaches —5 from the right, P is negative since the numerator is negative and the denominator is
x

2
xz° —4x —5
positive. Thus the right-hand side limit is —o0, i.e. lirn+ 7o = —o00. Because of the two one-sided
r——5 xre —
. . . . . 22 —4x -5
limits are not equal, the two-sided limit does not exist. hm5 —2 o = undefined.
T—— e —
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13) lim2yz —1

Solution: When we substitute £ = 1, the result is zero. However, we do not have a two-sided limit. As z
approaches 1 from the left, /& — 1 is undefined since x — 1 is negative. Thus

lim 2vz — 1 = undefined and lim 2vz—1=0

r—1~ rz—1+

thus lim1 2v/x — 1 = undefined .
Tr—

. x4 2
L

Solution: Let us first substitute £ = 0 into the expression.

2 2
030_% = o undefined

The one-sided limits are oo or —oo. Let us bring the expression first in a more convenient form, where both
numerator and denominator are factored. Also, if there is cancellation, that makes the problem easier.

I z+2 ) T+ 2
m —————- = 11 —— =
z—0 .’L'3 — 5.%'2 z—0 .’132 (.’lf — 5)

We compute first the left-hand side limit. As x approaches 0 from the left, it is very close to zero, and it is
also less than zero. Then z + 2 is positive, x — 5 is negative, and z? is positive. Thus xli%lﬁ 35232;—2@ = —0o0.
As x approaches 0 from the right, it is very close to zero, and it is also greater than zero. Then x + 2 is
positive, x — 5 is negative, and 22 is positive. Thus mhj& 1'232;—25) = —00. Thus the two-sided limit exists and

15.) 1
g ) a:li% 53}3 — .%'4
. . . . 0 0
Solution: Let us first substitute x = 0 into the expression. T undefined

This expression is an indeterminate. In case of a — indeterminate in a rational function, we must factor both

numerator and denominator and cancel common factors. Both numerator and denominator are clearly divisible
by z. Once we cancelled all common factors, the expression will no longer be an indeterminate.

I ° I ° I ° I 1
im—y——=Ilim—=lm ————— = lim ———
e—05x3 —xt 20—zt + 523 20 —ad (2 +5) 2—0x2 (5w —1)
We substitut 0 into thi i -1 1 indefined
e substitute £ = 0 into this new expression: ———— = — undefine
P 2G-0-1) 0
This is no longer an indeterminate, the one-sided limits are co or —oco. We separately compute these limits. First,

the left-hand side limit: If 2 is less than zero and close to zero, then —1 is negative, z2 is positive, and 5z — 1
— x
is negative. Thus —————— is positive, and so lim ———— = oco. For the right-hand side limit: If x is
22 (5bxr — 1) a—0- b3 — zt

2

greater than zero and close to zero, then —1 is negative, x* is positive, and bz — 1 is negative. Thus

z? (5_:137 1)

is positive, and so lim ———— = o0o. Then the two-sided limit is also oc.
z—0+ Hxd — x

For more documents like this, visit our page at http://www.teaching.martahidegkuti.com and click on Lecture
Notes. E-mail questions or comments to mhidegkuti@ccc.edu.
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