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De�nition: The symbol loga b represents the number that if we write as an exponent of a, we achieve
b. This expression is only meaningful if both a and b are positive numbers and a 6= 1.

Every logarithmic statement can be re-written as an exponential statement.

loga b = x is the same as a
x = b

Example: Find the value of log2 8.
log2 8 is a number, it is the exponent we need to write over 2 to obtain 8. In short, 2

? = 8. The answer is clearly
3; since 23 = 8.

log2 8 = 3

Similarly, most exponential statements can be re-written as a logarithmic statement.

ny =M is the same as lognM = y

Some properties of logarithms follow immediately from its de�nition.

Theorem 1. loga
�
ak
�
= k

Proof. To achieve ak; we need to raise a exactly to the kth power. Or, using exponential notation,

if x = loga a
k, then ax = ak =) x = k

Theorem 2. aloga b = b

Proof. Recall the de�nition of loga b. This is the number we need to use as an exponent of a to obtain b. In other
words,

if x = loga b, then ax = b =) aloga b = b

Sample Problems

Simplify each of the following expressions. Assume that a;X > 0 and a 6= 1.

1. loga
�
a9
�

2. 8log2 5

3. 16log4 a

4. 5log25 3

5. 2log8 a

6. e�5 lnB

7. 103 log10X

8. 10M log100 3

Practice Problems

Simplify each of the following expressions. Assume that m > 0 and m 6= 1.

1. 3log3 2

2. 6log6m

3. eln 12

4. 8log2 7

5. 0:1log10m

6. 25log5(2m)

7. 3log9m

8. 1000log10m

9.
�
1

2

�log4m
10. 8log(1=2)m

11.
�
1

e

�ln 9
12. e� ln(3m)
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Sample Problems - Answers

1. 9 2. 125 3. a2 4.
p
3 5. 3

p
a 6.

1

B5
7. X3 8.

�p
3
�M

= 3
M
2

Practice Problems - Answers

1. 2 2. m 3. 12 4. 343 5.
1

m
6. 4m2 7.

p
m 8. m3 9.

1p
m

10
1

m3
11.

1

9
12.

1

3m

Sample Problems - Solutions

Simplify each of the following expressions. Assume that a > 0 and a 6= 1.

1. loga
�
a9
�

Solution: In order to obtain the product a9, we will need nine factors of a.

2. 8log2 5

Solution: In order to simplify this expression, we will use the fact that 2log2 5 = 5. Our expression is not
exactly the same as 2log2 5 but it is related to it, since 8 = 23. We will use the following rule of exponents:

(an)m = anm = amn = (am)n

8log2 5 =
�
23
�log2 5 = 23 log2 5 = 2(log2 5)�3 = �2log2 5�3 = 53 = 125

3. 16log4 a

Solution: In order to simplify this expression, we will use the fact that 4log4 a = a. Our expression is not
exactly the same as 4log4 a but it is related to it, since 16 = 42. We will use the following rule of exponents:

(an)m = anm = amn = (am)n

16log4 a =
�
42
�log4 a = 42 log4 a = 4(log4 a)�2 = �4log4 a�2 = a2

4. 5log25 3

Solution: In order to simplify this expression, we will use the fact that 25log25 3 = 3. Our expression is not
exactly the same as 25log25 3 but it is related to it, since 5 = 251=2. We will use the following rule of exponents:

(an)m = anm = amn = (am)n

5log25 3 =
�
251=2

�log25 3
= 25(1=2) log25 3 = 25(log25 3)(1=2) =

�
25log25 3

�1=2
= 31=2 =

p
3

c
 Hidegkuti, Powell, 2009 Last revised: March 13, 2017



Lecture Notes Logarithms - 1.5 page 3

5. 2log8 a

Solution: In order to simplify this expression, we will use the fact that 8log8 a = a. Our expression is not
exactly the same as 8log8 a but it is related to it, since 2 = 81=3. We will use the following rule of exponents:

(an)m = anm = amn = (am)n

2log8 a =
�
81=3

�log8 a
= 8(1=3) log8 a = 8(log8 a)(1=3) =

�
8log8 a

�1=3
= a1=3 = 3

p
a

6. e�5 lnB

Solution: In order to simplify this expression, we will use the fact that elnB = B. Our expression is not
exactly the same as elnB but it is related to it. We will use the following rule of exponents:

(an)m = anm = amn = (am)n

e�5 lnB = elnB�(�5) =
�
elnB

��5
= B�5 =

1

B5

7. 103 log10X

Solution: In order to simplify this expression, we will use the fact that 10log10X = X. We will use the
following rule of exponents:

(an)m = anm = amn = (am)n

103 log10X = 10log10X�(3) =
�
10log10X

�3
= X3

8. 10M log100 3

Solution: In order to simplify this expression, we will use the fact that 100log100 3 = 3. We will use the
following rule of exponents:

(an)m = anm = amn = (am)n

We also have to re-write 10 as a power of 100. Clearly, 10 = 100
1
2

10M log100 3 =
�
1001=2

�M log100 3
= 100

1
2M log100 3 =

�
100log100 3

�1
2M

=

�
3
1
2

�M
=
�p
3
�M

= 3
M
2

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.
E-mail questions or comments to mhidegkuti@ccc.edu.
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