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Definition: Let a and b represent non-negative numbers. The arithmetic and geometric, and harmonic

means of a and b are defined as follows.

arithmetic mean =
a+ b

2
and geometric mean =

√
ab

For any a and b, these means have a natural order. The arithmetic mean is always greater than or equal to the geometric mean:
a+ b

2
≥

√
ab and the equality holds if and only if a = b.

.
Theorem: (The arithmetic and geometric means). Suppose that a and b are positive numbers. Then

a+ b

2
≥

√
ab

and the equality holds if and only if a = b.

Proof: Recall that a and b are both positive, so
√
a and

√
b both exist. For all a and b,

(√
a−

√
b
)2

≥ 0 and the equality
holds if and only if a = b. (√

a−
√
b
)2

≥ 0(√
a
)2 − 2

√
a
√
b+

(√
b
)2

≥ 0

a− 2
√
ab+ b ≥ 0 add 2

√
ab

a+ b ≥ 2
√
ab divide by 2

a+ b

2
≥

√
ab

The inequality between arithmetic and geometric means has many applications. Here is one example.

Example 1. Prove that for all positive numbers x, x+
1

x
≥ 2.

Solution: Let us apply the arithmetic-geometric means to the positive numbers x and
1

x
. The arithmetic mean of these two

numbers is
x+

1

x
2

, and their geometric mean is
√

x · 1
x
=

√
1 = 1. Now we state the inequality:

x+
1

x
2

≥ 1 multiply by 2

x+
1

x
≥ 2

This completes our proof.

This theorem can be proved using just a picture. Suppose that a and b are two positive numbers. We will need two facts from
geometry.
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Claim 1. (Thales theorem)

Suppose that AB is a line segment and M is its midpoint. Suppose
both A and B lie on a circle centered at M . (i.e. AB is a diameter
of the circle) If C is any point on the circle different from A and
B, then triangle AB C is a right triangle with the right angle at C.
This circle is called the Thales circle of the line segment.

Claim 2. Let AB C be a right triangle with hypotenuse AB , and h the height drawn to the hypotenuse. Let x and y denote
the two line segments into which the hypotenuse is split by h. Then h is the geometric mean of x and y , h =

√
xy.

Proof. Triangle AB C is a right triangle, and so α + β = 90◦. Since
triangle AD C has a right angle at D and α at A, the third
angle, at C, must be β. Similarly, triangle D B C has a right
angle at D and β at B, the third angle, at C , is forced to be α.
Therefore, triangles AB C, C B D, and AC D are similar to
each other. We will look at the ratio of the side opposite β to
the side opposite α in the two smaller triangles.

side opposite β

side oppositte α
=

h

y
in triangle B C D and

side opposite β

side oppositte α
=

x

h
in triangle AC D

Therefore, we have that
h

y
=

x

h
=⇒ h2 = xy =⇒ h =

√
xy (we ruled out the negative solution of h2 = xy as distances

cannot be negative)

We are ready to prove the arithmetic-geometric mean inequality using geometry.

Claim: If a anf b are two positive numbers, then
√
ab ≤ a+ b

2
and the two sides are equal if and only if a = b.

Proof: Let us measure a and b on the same line, next to each other. The point
separating them is P . Let us draw the Thales circle of line segment
AB centered at O. We draw a line that is perpendicular to AB and
passes through P . Let C be the intersection of this line with the
circle. Since C is on the circle, triangle AB C is a right triangle, with
the right angle at C. Line P C is the height drawn to the hypotenuse.
Therefore, length of line segment P C is the geometric mean of the
two pieces into which P C splits AB , in this case, a and b. In short,
P C is the geometric mean of a and b, P C =

√
ab

Consider now line segment O D. It is clearly the radius of the cirle, so its length is
a+ b

2
. So, O D =

a+ b

2
.

We can see on the picture that P C ≤ O D, and the equality holds if and only if a = b.

So,
√
ab ≤ a+ b

2
, and the equality holds if and only if a = b.

This completes our proof. We can also see that the greater the difference between a and b, the greater the difference is between
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the arithmetic and geometric means.
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Practice Problems

1. Find both means for a = 36 and b = 64.

2. The picture shows a right triangle. Find the length of the height
drawn to the hypotenuse.

3. Suppose that x is a positive number. Find the smallest possible

value of x+
9

x
.
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Answers

1. Arithmetic Mean:
36 + 64

2
= 50 and geometric Mean:

√
36 · 64 = 48

2. Solution: Let us first label the points, angles and sides in the triangle. Since
AB C triangle is a right triangle, we have that α + β = 90◦. Because of
this, angle AC P must be equal to β , and angle P C B is equal to α.
Thus the height drawn to the hypotenuse splits the original triangle into
two triangles that have identical angles as the original triangle. Thus, all
three triangles, △AB C, △AP C and △ P B C are similar.

Consider now the ratio
side opposite angle β
side opposite angle α

in triangles △AP C and

△ P B C. Since these triangles are similar, this ratio is preserved.

side opposite angle β
side opposite angle α

=
50

h
=

h

18

We solve this equation for h :

50

h
=

h

18
50 · 18 = h2

900 = h2

h = ±30

h = −30 is ruled out since distances can not be negative. Thus h =
√
18 · 50 = 30, the geometric mean of 18 and 50.

3. Apply the arithmetic-geometric mean to x and
9

x
.

a+ b

2
≥

√
ab

x+
9

x
2

≥
√
x · 9

x

√
x · 9

x
=

√
9 = 3

x+
9

x
2

≥ 3 multiply by 2

x+
9

x
≥ 6

So the smallest possible value is 6, when x =
9

x
which is when x = 3. (x = −3 is ruled out.)

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail questions or
comments to mhidegkuti@ccc.edu.
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