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Sample Problems

1. In each of the parametric equations given, find the value of the parameter m so that the equation has exactly
one real solution.

a) 2+ mzx —4m =0 b) ma? +2mx +m =x + 2 c) or + =1
T

2. Consider the parametric equation 5m — 3z — bma + 6m? + 22 — 4 = 0.
a) Find all values of m for which z = 7 is a solution of the equation.
b) Find all values of m for which there are two different real solutions of this equation.
c) Find all values of the parameter m for which the two solutions of the equation add up to 23.

d) Find all values of the parameter m for which the product of the two solutions of the equation is 10.

3. Consider the equation z + ma + 3maz? + 1 = 522
a) Find all values of m for which the equation has exactly one real solution.

b) Find all values of m for which the equation has no real solution.

1
c¢) Find all values of m for which the two real solutions z; and w5 are such that 23 + 23 = 1

4. Consider the parametric equation m + 2mz 4+ ma? = 4z — 12
a) Find all values of m for which x = —2 is a solution of the equation.
b) Find all values of m for which there are two real solutions of the equation.

c¢) Find all values of m for which there are two real solutions, z; and zy of the equation such that
2 2
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Sample Problems — Answers

1 1

1 ~1 b) 0,—- -

a) 0,—16 ) 0, 1 c) O,8
7
2.a) 1,4 Db) m# -5 «¢) 4 d) _2’6

)
3. a) 5,3,7 b) (3,7) «¢) -1
1

4.2) =20  b) (—oo,O)u<0, 4) ) —1

Sample Problems — Solutions

1. In each of the parametric equations given, find the value of the parameter m so that the equation has exactly
one solution.

a) > +mzx—4m=0 0,-16
Solution 1: Completing the square.

2 2
2>+mx—4m = 0 (:c—i—%) :mz—i—m:t—i—mj
2 2
2 m
—_— =4 =0
x° 4+ mx + 1 1 m
m\2 m?2
— ) —— —4 =0
<‘”+2) g "

2
m
For exactly one solution, we need that Y 4m = 0. We solve this equation for m.

—%—4771 — 0 multiply by —4
m2+16m = 0
m (m + 16) 0

TTL1—0 m2——16

Solution 2: The Quadratic Formula.
Based on our equation, we have a = 1, b = m, and ¢ = —4m. For exactly one solution, we need the
discriminant, b> — 4ac to be zero. We solve this equation for m.

b —4dac = 0
m? —4(1)(=4m) = 0
m2+16m = 0
m(m+16) = 0

m1 =0 mo = —16
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b) mx? +2mx +m =z + 2 O,fi

Solution 1: Completing the square.

Before we proceed as usual, we have to consider the case for which the equation is linear, namely, m = 0.
(Remember, we can NOT treat linear equations as a special case of a quadratic equation.) If m = 0, our
equation is 0 = x + 2 which indeed has exactly one solution. Now, if m # 0, we complete the square

me?+z(2m—-1)+m—-2 = 0
2m — 1 -2
m<x2~|— m :B-|—m > = 0
m m
om — 1 om—1)2  (2m—1)* -2
mx2+m :c—i—(m )_(m )—i—m = 0
m 4m2 4m? m
om—1\2 @2m—-1)? m -2
m| (x+ - + =0
2m 4m? m

To have exactly one solution, the part after the complete square must be equal to zero.

(2m—1)2+m—2

— = 0  multiply by 4m?
4m? m
—2m -1 4+4m(m—-2) = 0
—Am? +4m —1+4m* —8m = 0
—dm—-1 = 0
-1 = 4m
1
JR— f— m
4

Solution 2: The Quadratic Formula.

Before we do as usual, we have to consider the case for which the equation is linear, namely, m = 0.
(Remember, we can NOT treat linear equations as a special case of the quadratic...) If m = 0, our equation
is 0 =z + 2 which indeed has exactly one solution. Now, if m # 0, we have mz? +x (2m —1)+m -2 =0
and thus a =m, b=2m —1, and ¢ =m — 2. To have exactly one solution, we need the discriminant,
b2 — 4ac to be zero. We solve this equation for m.

W —4ac = 0
2m—12—4(m)(m—2) = 0
4m? —dm+1—4m?>+8m = 0

4dm+1 = 0

4dm = -1
1
mo= Ty
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c) 27+ = =1 0,1

Solution iE Completing the square.

First we separately consider the case for which the equation is linear, namely, m = 0. If m = 0, our equation
is 2z = 1 which indeed has exactly one solution. Now, if m # 0, we multiply both sides by x and complete

the square
m
20+ — = 1 multiply by x
T
22 +m = =z subtract x
22 —x+m = 0 factor out 2

o
VRS
8
|
| —
N

no
|

8

(V]
|

| =
8

+

| =

1 m
22 ——z+—| =
<x 2ZC+2)

[\
/-~
N
8
|
| =
N~

[\V]
|
sl
N 3
N~
|
o

To have exactly one solution, the part after the complete square must be equal to zero.

1 m
-+ = = Itipl
16+ 5 0  multiply by 16
—-14+8mn = 0
8m = 1
1
m = -
8

There is one more possibility we need to consider. The original equation is 2x—|—ﬂ =1and NOT 222 —z+m =

T

0. We might get exactly one solution as follows: the discriminant is positive, indicating two solutions, but
one of the solutions is 0 which would have to be ruled out as it is not in the domain of the original equation.
To check out this case, we take 222 —x +m = 0 and see what m is so that one of the solutions for x is zero.

22 —x+m = 0
200 =04+m = 0
m = 0

1
We have already considered this case, and so our solution, m; =0, mg = 3 is complete.

Solution 2: Quadratic Formula
First we separately consider the case for which the equation is linear, namely, m = 0. If m = 0, our equation
is 2x = 1 which indeed has exactly one solution. Now, if m # 0, we multiply both sides by = and use the

formula:
m .
22+— =1 multiply by x
x
2 +m = =z subtract x
222 —x+m = 0
Now a =2, b= —1, and ¢ = m. To have exactly one solution, the discriminant needs to be zero. We solve
this equation for m.
b2 —4dac = 0 1=8m
1
(-1 —4@2)m = 0 g=m
1-8m = 0
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m
There is one more possibility we need to consider. The original equation is 2x + — = 1 and NOT
x

222 — 2 +m = 0. We might get exactly one solution as follows: the discriminant is positive, indicating two
solutions, but one of the solutions is 0 which would have to be ruled out as it is not in the domain of the
original equation. To check out this case, we take 222 — 2 +m = 0 and see what m is so that one of the

solutions for x is zero.

22 —xz+m = 0
2(0°—-04+m = 0
0

m =

1
We have already considered this case, and so our solution, m; =0, mg = 3 is complete.

2. Consider the parametric equation 5m — 3z — bma + 6m? + 22 — 4 = 0.

a) Find all values of m for which z = 7 is a solution of the equation.

1,4

Solution: Just plug in x = 7 into the equation and see what that gives us for m.

5m — 3z — bma + 6m? + 2% —4 =

5m —3(7) — 5m (7) + 6m? + (7)* — 4
5m — 21 — 35m 4 6m? 4+ 49 — 4

6m? — 30m + 24

6 (m? — 5m + 4)

6(m—4)(m—-1) =

o O OO O o O

TTL1:4 m2:1

factor out 6

b) Find all values of m for which there are two different solutions of this equation.  m # —5
2?24+ 2(=5m —3)+6m2+5m—4=0.
Nowa=1, b=—5m—3, and c=6m?+ 5m —4. For two solutions, we need the discriminant, b*> — 4ac to

Solution: We rearrange the polynomial by degrees of the variable x.

be positive.

b — dac

(—5m —3)* — 4 (1) (6m? + 5m — 4)
25m? + 30m + 9 — 24m? — 20m + 16
m? + 10m + 25

(m +5)?

m

c) Find all values of the parameter m for which the two solutions of the equation add up to 23. 4

b
Solution: the sum of the two solutions is ——.

a
b
—— = 23
a
—(=bm—-3) = 23
m+3 = 23
5m = 20
m = 4
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7
d) Find all values of the parameter m for which the product of the two solutions of the equation is 10. —2, 6

c
Solution: the product of the two solutions is —. Thus we have
a

C
a
6m2+5m — 4
1
6m2+5m—4 = 10
6m*+5m—14 = 0

We solve for m using the quadratic formula:

—bE VB —dac -5+ /52 —4(6) (-14) _ —5+ /25— 4(6) (-14)

mi2 =

2a 2 (6) 12
544254336  —5++361 —5+19
N 12 N 12 12
—-5+19 14 7 —-5—19 —24
12 12 6 12 12

3. Consider the equation = + maz + 3ma? + 1 = 5z2.
5
a) Find all values of m for which the equation has exactly one real solution. —,3,7

Solution: We rearrange the equation and obtain (3m —5)z2 + (m+1)x +1 = 0. Thus a = 3m — 5,
b=m+1, and c = 1.
Case 1. There might be one solution if the equation is linear, i.e. if @ = 0. This happens when

3m—5 = 0
3m = 5
5
m = -
3
. . 5
Then the equation becomes. we write m = §:
8
§‘T +1 =0 subtract 1
8 8
3
xr = -
8

5 .
Thus m = 3 gives us one solution.

5
Case 2. If a # 0, (when m # §) then the equation is quadratic. It will have exactly one solution when the

discriminant, b> — 4ac is zero. This will give us an equation in m.

b —dac = (m+1)2*—4(1)(3m—5)
= m?>+2m+1—12m+20

= m?—10m+ 21
= (m=3)(m-7)
m1:3 m2:7
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Let us check one of these values. If m = 3, then the equation is

(33)-5)z*+B+z+1 =
422 + 4z +1 =
(2 4+1)* =

1
r = —=
2

5
and so we have exactly one real solution. Thus there is exactly one solution for = if m = 3 3,or 7.

b) Find all values of m for which the equation has no real solution. (3,7)

Solution: there is no solution for a quadratic equation when the discriminant is negative. From the previous
part, we have that the discriminant, as a function of m is

D(m)=(m-3)(m—17)

This expression is clearly a quadratic polynomial, with a positive leading coeffiecient. Thus its graph is a
regular parabola, which is negative between the two x—intercepts. Thus

(m—3)(m—7)<0 ifandonlyif 3<m<7

3
4
z
0

0 8 6 4 2 o 2\4 6) 8B 10
2 x
4

1
c¢) Find all values of m for which the two real solutions z1 and w3 are such that 23 + 23 = 1 -1
Solution:
22+ a2 = (1 + 332)2 —2r1T9 = —é i -2 (E>
17T T3 a a
o m+1 2_2 1 _ (m+1)? 2
a 3m —5 3m—5)  (3m-5)? 3m—5
1 1)? 2
Thus we need to solve - = (m+1) 5 — for m Recall that in this case m # 3 and so 3m—>5 # 0.
4 (3m —5) 3m—95 )
1 (m+1)? 2 . 2
- = — litply by 4 -
1 Gm 57  3m=5 mulitply by 4 (3m — 5)
(3m—5)> = 4(m+1)*—-8(3m—5) subtract 1

9m? — 30m + 25 4 (m® +2m + 1) — 24m + 40
9m? — 30m + 25 4m? + 8m + 4 — 24m + 40
9m? — 30m + 25 4m? — 16m + 44

5m? —14m—19 = 0

(5m—19)(m+1) = 0
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19
my == mg = —1
. . . 19 19
Although we obtained two values for m, they will not both work. Since 3 < = < 7, the value my = =

falls into the interval where there are no real solutions. The only answer is m = —1.

4. Consider the parametric equation m + 2ma + ma? = 4z — 12

a) Find all values of m for which x = —2 is a solution of the equation. — 20
Solution: We simply substitute z = —2 into the equation and solve for m.
m+2m(=2) +m(=2)° = 4(-2)—12
m—4m+4m = -—-8-12
m = —20

1
b) Find all values of m for which there are two real solutions of the equation. (—o0,0)U <(), 4)

Solution: We have to be careful with parametric equations if the leading term contains a parameter. We
always need to treat the linear case separately. Is there a value of m for which the equation is not quadratic?
Clearly, if m = 0. We check out this case separately. If m = 0, then

m+2mz +ma? = 4z —12
0+2(0)z+(0)2? = 4z —12
0 = 4x—12

12 = 4x

3 =

Thus there is exactly one solution for m = 0. Now, if m # 0, the equation is quadratic. Quadratic equations
have two different real solutions if the discriminant is positive.

0 = ma?+x(2m—4)+m+12

D = b —dac= (2m —4)* —4m (m+12) = 16 — 64m

D > 0
16 —64m > 0
16 > 64m
1
Z > m

1
Thus it appears, the solution is all values of m that are less than T However, we do need to rule out m =0
1
since then the equation has only one solution. Thus the answer is m < —, m # 0, or, in interval notation:

4
(=00, 0) U <0, i)

c) Find all values of m for which there are two real solutions, z; and zy of the equation such that
2 2 _
.’L']_ + 1’2 = 58 —1

Solution:
9 9 2 b\? c b 2c
i+ x5 = (21 +22)" — 2x120 = <—a> —2(5) =5
o @2m—4)° 2(m+12) 4(m-—-2)° 2(m+12) 4(m—2)°> 2m(m+12)
N m?2 B m a m2 B m N m2 B m2
o 4(m -2 -2m(m+12)  4m? —16m +16 —2m? — 24m _ 2m? — 40m + 16
N m?2 N m2 N m?2
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2m?2 — 40m + 16

: = 58

m
2m? —40m +16 = 58m?

0 = 56m?+40m — 16
0 = 8(7m?+5m—2)
0 = 8(Tm—2)(m+1)

mi = m2:—1

2

7
. 2 1 . . . 2 . .

Since - > T there is no solution for z if m = iz and thus it is not a solution. On the other hand, —1 falls

into the range where the equation has two solutions and so it is correct. We can check: if m = —1, then our
equation is

m+2mx +mz® = 4z —12 m=—1
“14+2(-Da+(-1)az? = 4z—12
22 —2z—1 = 4z —12
0 = z2+46z—11

Thusa=1, b=6, and ¢ = —11. Since

T+ 29 = _E
T1Ty = 2 and
2 2 2 b)* c
i +ax5 = (x1+x2)° — 20120 = - - 2 (a)

= (_‘i)z —2 <_111) = (—=6)> —2(—11) = 36 + 22 = 58

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail
questions or comments to mhidegkutiQccc.edu.
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