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The following trigonometric identities use the sum, difference, and double-angle formulas for sine, cosine, and tangent.

Sample Problems

1. (Co-function identities) Prove each of the following identites using the difference formulas for sine and cosine.
a) sina = cos (g—a) b) cosa = sin (g—a)

2. Prove each of the following identities.

LT A . cos (a — f3)
. " ( r —) -1 i _wstazph)
a) - anz + cot T e) (sin 5 + cos 5 +sinx i) 1+tanatanf coso0s
tex —t 2 1
b) cos2z = — L 0T f) tan A Y
cotx +tanxz tanx cos 2x
1+ cos2zx 9 2 1+ cos2zx j) sin35° +sin25° = cos 5°
c) ———— =cot“x g) 5 =
1 — cos2x 1 —tan“zx cos 2x
5 T T
d) si tan 9 h) tan (Z - x) 1 —sin2x k) cos12° — cos48° = sin 18°
ing = —%— _ :
1+ tan2 2 tan (I +$) 1+ sin 2z
2 4
1+ tan 15°
3. Compute the exact value of i.
1 —tan15°

4. Compute the exact value of tan « if sin (a 4 60°) = cos «

5. Prove that if sin (x 4+ y) = 3sin (z — y), then tanx = 2tany.

cos (@ — §) = 3 and tana = %, find the exact value of tan 5.

6. Gi that ————=
VR Tt s (a+pB) 5

7. Given that tan o and tan 3 are the solutions of the equation 22 +6x+7 = 0, show that sin (o + 3) = cos (a + f3).

8. In triangle ABC, 2cos 8siny = sina. Prove that the
triangle is isosceles.

9. Given that a + 8 + v = 90°, where «, 3, and  are
acute angles. Prove that
cot a.cot B cot v = cot av + cot 5 + cot .

10. Find the exact value of the tangent of the angle shaded
on the picture. The quadrilateral is a square with sides 2
6 units long.

35
11. Find the exact value of sin 2z if we know that 1 + tanz = 12 sin .
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Sample Problems - Solutions

1. (Co-function identities) Prove each of the following identites using the difference formulas for sine and cosine.

a) sina = cos ( oz)
Proof: - . .
RHS = cos <§ ) = cos (§> cos o + sin (§> sina =0-cosa+ 1-sina =sina = LHS
b) cosa = sin (— - a)
Proof:

RHS = sin (g —a) = sin (g) COS (v — COS (g) sinae=1-cosa—0-sino = cosa = LHS

2. Prove each of the following identities.

a)

=tanx 4+ cotx

sin 2z
Proof:
) 9 1 22 2 2 2 :
LIS sin“ x + cos® x sin“ x L+ cos“ x sin x N CcoS T
sin 2x 2sinxcosx sinx cosx sinx cosx sinxcosx sinxcosx cosx sinx
= tanz + cotx = RHS
cotx —tanx
b) cos2x = ———
cotx 4+ tanx
Proof
cosr sinx cos?x — sin? x
- — _—— 2. 2 :
RHS — cotaz—tanﬂ:: sin cosx _ Sin T Ccos T :cos T — sin 95' SIN & COS X
cotx +tanx cosz = sinx cos? x + sin? x sin z cos x cos2 x 4+ sin? z
Ssinx COS™ Sin T COS I
cos?z —sinx cos 2x
= 5 — = = LHS
cos* x + sin“ x 1
1+ cos2x
c) =cot’x
1 — cos2x

Proof: Recall that the double-angle formula for cosine has three forms:
cos2z = cos’ x —sin?z and cos2z =2cos’z —1 and cos2z =1—2sin’z

We will use different forms for the numerator and denominator.

LHS — 1+ cos2zx _ 1+2cos2a'c;1 _ QC?Sz{L’ _ c?szx — cot2 2 — RHS
1—cos2x 1-— (1—2s1n ZL’) 2sin“x  sin“x
2 tan ~
d) sinxzi%
1+tan2§

x
Proof: This identity can look much less intimidating if we introduce a new variable. Let a = 5 If we

multiply both sides by 2, then 2a = . Using « instead of x, the identity

9 T
. tan 9 . 2tan o

sinz = ——=4 becomes sin2a = ——F—5—

1+tan2§ 1 4 tan® «
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9 T 2sina 2sina 2sina 2sina

RHS — tan 2 _ 2tana o5 cos o _ cos _ _ cosa
1 + tan? T 1+tana sin? o cos?a  sina cos? a + sin? a 1

2 cos?a  cos?a  cos? cos? o cos? &

2sina cos? . . .
. = 2cosasin o = sin 2a = sinz = LHS

cos 1
e) (s' m+cos$)2 1+ si
in — —) = inx
2 2

x
Proof: This identity can look much less intimidating if we introduce a new variable. Let a = 5 If we

multiply both sides by 2, then 2a = . Using « instead of x, the identity

x T\2
(sin — + cos —) —1+sinz becomes (sina + cosa)? =1+ sin2a

2 2
. X )2 . 2 ) 2 . .
LHS = sm§ +cos§ = (sina + cosa)” = sin“ @ 4 cos”“ o + 2sinacosa = 1 + 2sinacos «
= 1+4+sin2a=1+sinz = RHS
f) tan 2z . 1
tanx cos 2x
Proof:
2tanx
LIS tan 2z 1 —tan2 r 2tanx 1 2 2 2
tanx tanx 1—tan?z tancz 1 —tan?x sin? z cos?z  sin’z
cos? z cos?z coslz
2 cos? 2cos? x cos? z + cos® x
= 2 5 =2 2 2 2 P 2 )
cos®x — sin“x cos?x —sin“xz  cos?x —sin®x cos®x — sin“x
cos? z
cos? z + cos? x + sin? z — sin x cos2z —sin?x  cos?x 4 sin?zx
cos2z — sin? x cos2z —sin?x  cos?x —sin?zx
2 )
cos“x + sin“x 1
cos®xr — sin“x cos 2x
) 2 1+ cos2x
g —
1—tan?x cos 2x
Proof:
RHS 1+ cos2x 1+ cos2x 14+ 2cos?z—1 2cos?
cos 2z cos2z —sin? x cos?2z —sin?x cos2z —sin? x
Next, we will divide both numerator and denominator by cos? .
2cos?
2 —
2cos* x _ cos2 _ 2 _ 2 LS
2. 2. 2, 2. 2 sy 1—tanlas
cos® x — sin“ x cos®x — sin“x cos“xr sin‘x an‘ x
cos? z cos?z cos?zx
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™
tan (Z —x) 1 —sin2x

h = -
) tan(%+m) 1+ sin 2z
Proof:
T 1—tanz sinz \ 2
LHS — tan(z—x>_ 1+tanz _ 1—tanz 1—tanx (1—tanz 2_ 1_cosac
- tan<z+m>_ tanr+1  1+4tanz 1+tanz \l+4+tanz,/ 1 sin
4 1 —tanx cos T
cosx  sinz\ 2 cosx —sinz \ 2 cosx — sinx 2 )
_ cosx _cosx | _ cos T _ cos T Jcosx | [COST —SInT
COSZE+SiHIE cosx + sinx cosx +SinT cosz cosSzT + sinx
COST  COSZ COS T CcoS T
1 —sin2x
= —— = RHS
1+ sin 2z
cos (o —
i) 1—|—tanoztanB:M
cos « cos 3
sin ¢ sin COS (¢ COS sin o sin cos a cos 3 + sin a sin
LHS = 1+4tanatanf =1+ B: b ﬁ: B p
cosacosfS  cosacosf3  cosacosf cos o cos f3
cos (o —
cos(@=68) _ pps
cos a cos 3

j) sin35° 4 sin 25° = cos 5°
sin35° +sin25° = sin (30° + 5°) 4 sin (30° — 5°)

= sin30° cos 5° + cos 30° sin 5° + sin 30° cos 5° — cos 30° sin 5°

= 2sin30°cosbH° =2 <;> cos 5° = cos 5°

k) cos12° — cos48° = sin 18°

cos12° — cos48° = cos(30° — 18°) — cos (30° + 18°)
= ¢0s30° cos 18° + sin 30° sin 18° — (cos 30° cos 18° — sin 30° sin 18°)
= ¢0s30° cos 18° + sin 30° sin 18° — cos 30° cos 18° + sin 30° sin 18°

= 2sin30°sin18° =2 <;> sin 18° = sin 18°

14 tan 15°

. C te th t value of ———.
ompute the exact value of -———

Solution 1: Let us first compute tan 15°.

1 1

11—~ -
) 5 . tan 45° — tan 30° V3 V3 V3
tan15° = tan (45° — 30°) = = - V3
an an ( ) 1 + tan 45° tan 30° 1+L 1_|_L V3

V3
VB-1_V3-1 VB-1_3+1-2/3 d4-2v2 22-V3) _, g
VB+1 VB4+1 VB-1 2 2 2

Now our expression becomes

1+tan15°_1+(2—\/§)_ 3—3 _\/§(\/§_1)_\/§
1—tan15°  1-(2-v3) -1++v3  V3-1

-
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Solution 2: (a very neat trick) With a little ingenuity, w
tangent.
We re-write 1 as tan 45°.

1+ tan 15° 1+ tan 15° tan 45° 4 tan 15°

e can turn this expression into a sum formula for

= tan (45° 4 15°) = tan 60° = /3

l1—tan15° 1—1-tan15° 1 — tan45°-tan15°

Solution 3: Let 2 denote 15°

sinx sinx
1+tanx 1+cos:13 _1+cosx cosx  cosx fsinz
1—tanz 1 sinz 1 sinz  cosx cosx —sinz
cosx cos T
_cosx+sinx cosw+sinz cos? x + sin® x + 2sinz cos _ 1+sin2zx
T Ccosz —sinz cosz +sinz cos? x — sin? x  cos2x

In this case, x = 15° means that

1
1+tan15° 1+4sin30° '+5

1 —tan15°  cos30° V3

. Compute the exact value of tan « if sin (o + 60°) = cos «

Soluton:

sin (o 4 60°)

sin a cos 60° + cos asin 60°

) b cone (ﬁ)

sin o —
<2 2
1

—sino
2

1

Case 1. If cosa = 0, then clearly

—sin «

2
1

—sin«
2
sin o
That’s impossible since sin? a + cos? a = 1.

Case 2. If cosa # 0, then we can divide by it.

V3

§sina = <1 — 2) CoSs &
1sinw _ 1 V3
2cosa 2
3
tana = 1—£

© Hidegkuti, 2014

divide by cos «

mulitply by 2
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5. Prove that if sin (x 4+ y) = 3sin (z — y), then tanx = 2tany.

Solution:
sin(z+y) = 3sin(z—y)
sinxcosy 4+ cosxsiny = J3sinzcosy —3cosxsiny add 3cosxsiny
sinzxcosy+4cosxsiny = 3sinxzcosy subtract sinx cosy
4cosxsiny = 2sinxzcosy divide by cosx cosy
4cosxsiny 2sinx cosy
COS X COS Y ~ coszcos Yy
4tany = 2tanx
2tany = tanx
6. Given that M = 3 and tana = 1, find the exact value of tan 5.
cos(a+pB) 5 2
Solution:
cos (o — f3) 3
cos (a + ) "5
S5cos(aw— ) = 3cos(a+ )
5cosacosf + Hsinasinf = 3cosacosf — 3sinasin add 3sinasin 8
5cosacos S+ 8sinasinS = 3cosacosf subtract 5 cos « cos 8
8sinasinfS = —2cosacosf divide by 2 cos a cos 3
4sin asin 3 cos a.cos 3
cos a cos 3 ~ T Ccosacos 15}
4tanatanf = -1 tana:%
4 <1) tang = -1
2
2tanf = -1
1
tanf = -— 3
check: tana = % sina = \}5 cosa = \35

1 1
tanﬁz—i sinf = —— cosf = —

V5

2 2 1 1 4 1 3
cos(a—f) cosacosf +sinasinf \ﬁﬁ—i_ig, <_5> 5 5 _5_3
cos(a+B) cosacosB —sinasing 2 21 (_ 1 > N %_‘_} 575

B\ 5T

7. Given that tan o and tan 3 are the solutions of the equation 2% +6x+7 = 0, show that sin (o + 3) = cos (@ + f3).

Solution: We first solve the quadratic equation.

4 6r+7 =
>+ 62 +9-9+7 =
(x+3)*-2 =

(x+3)2—<\/§>2 =
(:p+3+\/§>(m+3—\/§) - 0

o O O O
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x1:—3—\/§ and $2:—3+\/§

So let’s say that tana = —3 — /2 and tan 8 = —3 + v/2. then

and since

_ tana+tanf —3—V2+ (-3+V2) -6 .
_1—tanatanﬁ_1_(_3_\@)(_3_{_\/5)_1_7_

tan (o + f)

tan(a+38) = 1
sin (a + ) _
cos(a+p8)

sin(a+f) = cos(a+p)

8. In triangle ABC, 2cos Bsiny = sina. Prove that the triangle is isosceles.

Solution: a + 4 v = 180°. Let us write o as 180° — (5 + )

2cosfsiny = sina
2cosfsiny = sin(180° — (B + 7))

Recall that for all z, sinx = sin (180° — z) and so sin (180° — (8 + 7)) can be simplified as sin (5 + 7).

2cosfBsiny = sin(B+7)

2cosfsiny = sincos«y 4+ cossin~y subtract 2 cos 3 siny
0 = sinfScosy—cosfsiny
0 = sin(8—7)
B—~ = k-180°

B = ~y+k-180°

Since [ and 7y are both between 0° and 180°, this means that k = 0. Thus 5 = 7y and so b = ¢ and the triangle

is isosceles.

9. Given that a+8+~ = 90°, where «, 5, and ~y are acute angles. Prove that cot a cot 8 cot v = cot a+cot S+cot 7.

Solution: v =90° — (8 + ) and coty = cot (90° — (B +7)).

RHS

© Hidegkuti, 2014

cot (90° — (a+ B)) = tan (a + ) by the co-function identities

cot a + cot 3 + coty = vy + tan (a + )
1 1 tan o + tan 8
tana  tanf 1 —tanatanp
tan 5 (1 — tan actan ) tan o (1 — tan actan 3) tan o tan S (tan a + tan g)

tanatanf (1 —tanatan )  tanatan (1 —tanatan ) tanatanf (1 — tanatanf)
tan (1 — tanatan 8) + tan a (1 — tan atan 3) + tan actan 5 (tan « + tan j3)
tan avtan 8 (1 — tan o tan j3)
tan f — tan actan® B + tan o — tan? a tan B + tan? actan 8 + tan o tan? 3
tan avtan 5 (1 — tan o tan j3)

tan 8 + tan o 1 1 tan 8 + tan o 1
= : : = : -tan (a + )
tanatan§ (1 —tanatan ) tana tanf8 (1 —tanatanf) tana tanf
1 1 1 1
-cot (90° — (o + ) = - coty = cot accot 5 coty = LHS

tana.tanﬁ 7tana'tan/8
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10. Find the exact value of the tangent of the angle shaded
on the picture. The quadrilateral is a square with sides

6 units long.

Solution: Let us donte our angle by #, and the other
angles near it by « and (3, as shown on the picture.

Clearly, 8 = 180° — (av+ ). Then

tanf = tan (180° — (a + )) = — tan (a + 3)

2
where tana:g:2 and tanB:§.

We apply the sum formula for tangent:

tand = —tan(a+f)=—

242 s

_ T3 3 g
1
3

1_9.2
3

tan o + tan g3
1 —tanatan g

35
11. Find the exact value of sin 2z if we know that 1 + tanz = 13 sin .

Solution:

1+ tanx

sinx

1+

COST

cosx + sinzx
. 2
(cosz + sinz)

2 .2 .
cos“x + sin“z + 2sinx cos x
1+ 2sinxcosx

1+ 2a

144 + 288a
0

© Hidegkuti, 2014

—sinz
12

B sinzx

sinx cos

2
— sin x cos (E)

:
<
(

3) sin? z cos® x
12
35 > 2
—2 (sinz cosx)
@a
12254

122502 — 288a — 144

3
2
6
3
[24
3
3
2

multiply by coszx

square both sides

let ¢ = sinx cosx

multiply by 144
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We solve the quadratic equation using the quadratic formula:

288 + \/(—288)2 —4(1225) (—144) 288 4 /82944 + 705600

2 = 2.1225 9450
288 + 888 1176 E
2884 /788544 288+ 888 2450 2450 25
2450 2450 283 —888 600 12
2450 2450 49
. . ) 24 24
Recall that a = sinxzcosxz. Then sin2z = 2sinz cosx = 2a = o or T

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes. E-mail
questions or comments to mhidegkutiQccc.edu.
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