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Lecture Notes

Sample Problems
1. (Monomials) Compute each of the following limits.
. 4 . 5 . 2 6 . 3
a) lim 3z ¢) lim (—229) e) lim —3% g) lim 4z

b) lim 32* d) lim (—22°) f)  lim <—§m6> h)  lim 423

2. (Exponential Functions) Compute each of the following limits.

. 2 T xr+3 2x+1
a) xll{go 2% c) lim (= e) lim 2 g) lim 2
z—o0 \ 3 z—oo0 32 +1 z—oo0 Jr—1
2\ * 2:t+3 22:c+1
. " . 2 . .
b) [Jlim 2 ) lim (3> £ Jtim st h) Mmoo

3r — 2 : : 2
2 Jlim Q) Jim = 8) Jim logs @ k) Jlim (372 - 3)
. : 2
b) lm - ) lim JE h) lim, logsa D tim (57 = 57)
m  — € 1m x .
r——00 I T—00 l) lim 7 m*) xh_}r{)lo (].Oglo 333 — loglo 33)
r—00
) 5 0 lim Ve )l 7

Practice Problems

1. Compute each of the following limits.

1
a) lim (—zx15> c) lim gxg e) lim 42° g) lim (—7z'9)
1
b) lim <—3x15) d) lim -8 f)  lim 42° h) lim (—7z'%)
T——00 8 T——00 3 T——00 T——00

2. Compute each of the following limits.

239371 22x+3 22x+3 9r+3 3:1:71
8) Hm o Am 5 ¢ Jm R
) 233:71 ) 22z+3 ) 22:1:+3 ) 221‘—!—3 . 300—1
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3. Compute each of the following limits.

k) Ilglgo logg o @

1) mEIjloo logg o @

. —=3a®+4+2a-5

m) lim —
a—0o0 a

. —3d°4+2a-5

n) lim —
a——00 Qa

o) lim (Inbz —Inz)

p) lim (In5z —Inz)

Tr——00

, A -+ 7
q) lim 1

T—00 €T

A8+ —x 47
1

r) lim
T ——00 T

s) lim (271 —27)

r—00

t) lim (2771 —27)

T——00

u*) lim (logyx — logy (x + 1))

o o (2)

x
x*)  lim (2 +1>
T—00 2z

4. A company is introducing a new product. The marketing manager determines that ¢ weeks after

an advertising campaign begins (where ¢ > 4), P(t) percent of the potential market is aware of the burners,

where

22— 4t —1

P(t) =T5————+3 t>4

t2

a) What percent of the potential market knows about the product after 7 weeks?

b) What happens to the percentage P(t) in the long run?
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Sample Problems - Answers

.a) o0 b) oo ¢ —o0o d) o e -0 f) —oc0 g) oo h) —x0

.a) oo b)0 ¢)0 d) oo e 0 f) oo g oo h)O
.a) 0 b) 0 c) 0 d) 3 e o f) undefined g) oo f) undefined h) undefined

.a) 0 b) 0 c) b d) 5 e) oo f) 0 g) oo h) —o0 i) 5 j) b k) —o0
1) undefined m) —oo n) oo o) Inb p) In5 q) —o0 r) —oo s) o0 t) 0
u*) 0 v¥) —o0 x*) 1

1797
.a) P(7)=——~36.673 b) lim P(t) =78 - this means that on the long run, eventually, about 78%
49 t—o0

of the market will be aware of this product.
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Sample Problems - Solutions

1. (Monomials) Compute each of the following limits.
a) lim 34
T—00
Solution: Since the limit we are asked for is as x approaches infinity, we should think of = as a very large
positive number. Then 3z is very large, and also positive because it is the product of five positive numbers.

2= 3 - oz - oz -z -
positive positive positive positive positive

So the answer is co. We state the answer: lim 3z% = oo.
r—0Q0

b) lim 3z%

r——00
Solution: Since the limit we are asked for is as & approaches negative infinity, we should think of x as a very
large negative number. Then 3z? is very large, and also positive because it is the product of one positive
and four negative numbers.

3zt= 3 - oz - oz - =z - =z
positive negative negative negative negative

So the answer is co. We state the answer: lim 3z% = 0o
T——00

¢) lim (—229)

rT—00
Solution: Since the limit we are asked for is as x approaches infinity, we should think of = as a very large
positive number. Then —2z° is very large, and also negative because it is the product of one negative and
five positive numbers.

2= -2 -z - z - z - xT - =z
negative positive positive positive positive positive
So the answer is —oo. We state the answer: lim (—2x5) = —00
T— 00

d) lim (—22°)

Tr——00

Solution: Since the limit we are asked for is as  approaches negative infinity, we should think of z as a very
large negative number. Then —2z° is very large, and also positive because it is the product of six negative
numbers.

negative negative negative negative negative negative

So the answer is co. We state the answer: lim (—2305) = 00

Tr——00
2
e) xlggo (—3306)

Solution: Since the limit we are asked for is as x approaches infinity, we should think of = as a very large
positive number. Then —§m6 is very large, and also negative because it is the product of one negative and

six positive numbers.

2 ¢ 2
3 3 positive positive positive positive positive positive
negative
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2
So the answer is —oo. We state the answer: lim <—3m6> = -0

2

Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of = as a

2
very large negative number. Then —§x6 is very large, and also negative because it is the product of seven

negative numbers.

2 6 2
3 3 negative mnegative negative negative negative negative
negative
. 2,
So the answer is —oco. We state the answer: lim ——-2° = —0
r——00 3
g) lim 423
T—00

Solution: Since the limit we are asked for is as x approaches infinity, we should think of = as a very large
positive number. Then 422 is very large, and also positive because it is the product of four positive numbers.

4= 4 - oz - oz - oz
positive positive positive positive

So the answer is co. We state the answer: lim 423 = oo
T—00

h) lim 423

r——00
Solution: Since the limit we are asked for is as & approaches negative infinity, we should think of x as a very
large negative number. Then 423 is very large, and also negative because it is the product of one positive
and three negative numbers.

4= 4 - x - x - x
positive negative negative negative
So the answer is —oco. We state the answer: lim 4z° = —oo
T——00

2. (Exponential Functions) Compute each of the following limits.

Let a > 0. Then the limit of the exponential function f () = a” is as follows.

Casel. If a > 1,then lima*=occ and lim a*=0

r—00 T——00
Case2. If 0 < a<l1,then lima®*=0 and lim a® =0
TrT—00 r——00
a>1 0<axl1
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a) lim 2* and b) lim 2%
r— 00 r——00
Solution: Since 2 > 1, these limits are co and 0, i.e. lim 2¥* = 0o and lim 2% =0.

AN 2\
o Jm (5) e o im (5)

2 2\* 2\”
Solution: Since 3 < 1, these limits are 0 and oo, i.e. lim (3) =0and lim <3) = 00.

T—00 r——00

2x+3

¢) Mmoo

Solution: We start by re-writing the exponential expressions. The goal is to bring it into a form where
there is only one exponential expression involving .

2vt3  gr.23 2.8 8 (2)"”

3+l 3z.31  3¢.3  3\3
Coortd 8 /N\T 8 o [/2)\" 2
Thus mlin;oﬁ = xlingog (3) = gwlin;o (3) =0 since 3 <1

) 21+3
f) lm -2

i e . v o8 /2\* 8 . 2\*
soluon: i T = tim T = i 3 (5) =5 i (5) ==

] 22x+1
&) Jim

Solution: We start by re-writing the exponential expressions. The goal is to bring it into a form where
there is only one exponential expression involving .

92z+1 B 92z , 91 B (22):’3 .9 47 . 6 <4)$

P17 F LT w03
3! 3
. 22t . 4\" _ 4\* o4
Thus xll)rgo T 9515206 <3> = 69@11—{20 (3) =00 since 5 > 1

221‘-1-1

h) lim

z——o00 321

22z +1 A\ 4\*
Solution: lim = lim 6(3) =6 lim <) =0

z——oco 37—1 T——00 z——0c0 \ 3

3. (Basic Functions) Compute each of the following limits.
a) lim —

Solution: This is a very important limit. Since the limit we are asked for is as x approaches infinity, we
should think of z as a very large positive number. The reciprocal of a very large positive number is a very
small positive number. This limit is 0.
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1
b) lim —

r——00 I

Solution: Since the limit we are asked for is as  approaches negative infinity, we should think of z as a very
large negative number. The reciprocal of a very large negative number is a very small negative number.
This limit is 0.

Solution: Since the limit we are asked for is as x approaches infinity, we should think of = as a very large
positive number. We divide —5 by a very large positive number. This limit is 0.

-2
d) lim 3z

T——00 €T

Solution: Now both numerator and denominator approach negative infinity, so we don’t know much about
the quotient (other than it is positive). But this can be improved by a bit of algebra: we simply divide by
2 and then the limit becomes much more easy to handle.

im 222 lim <3$2) = lim <32> =3
T——00 x T——00 xX x Tr——00 X

2
As x is a very large negative number, — approaches zero, and so the limit is 3.
x

e) lim /x

r— 00
Solution: The expression /= becomes larger than any fixed number. For example, if = is 10002, then z is
1000 and so on. This limit is infinity.

f) lim x

r——00
Solution: As x becomes a larger and larger negative number, the expression /z is undefined. It is undefined
for any negative number. Since there are no function values on the left of zero, there is no limit either.
This limit is undefined.

g) lim logsz

T— 00
The expression logs z becomes larger than any fixed number. For example, if = is 3190 then z is 1000 and
so on. The limit is infinity.

h) lim logzx

r——00
Solution: As x becomes a larger and larger negative number, the expression logs x is undefined. It is
undefined for any negative number and also zero. Since there are no function values on the left of zero,
there is no limit either. The limit is undefined.

i) lim 7
r—00

Solution: The notation is strange without = ever appearing. This is about the constant function f (z) = 7.
As x becomes larger and larger, the function values remain 7. So, there is just one value to which they
remain very, very, very close: 7. So, the limit is 7.
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j) lim 7

r——00
Solution: As z becomes a larger and larger negative value, the function values remain 7. So, there is just
one value to which they remain very, very, very close: 7. So, the limit is 7.

k*) lim (3“”’2 — 3x)
T—00

Solution: As 2 becomes larger and larger, both 3**2 and 3% are very very large, so we do not know much
about their difference. The idea that we subtract a very large number from another very large number
is not giving us enough clue to determine the limit. This situation called an indeterminate. In case
of an indeterminate, we cannot evaluate the limit in its original form. We must transform the expression
to a form where it is no longer an indeterminate. In this particular example, we need to realize that
3712 = 37.3% = 9.3%. Then the two exponential expressions can be combined into a single expression that
is no longer an indeterminate.

lim (32 —37) = lim (3”-3°—3") = lim (9-3" —3") = lim (9-3"—1-3%) = lim (8-3")

r—00 Tr—00 Tr— 00 r—00 r—00
As x becomes very large, 3% is extremely large. Then multiplication by 8 just makes it even larger, and so
the answer is infinity.

) lim (3712 - 37)

r——00
Solution: As x becomes a larger and larger negative number, both 372 and 3% are very very small, so their
difference is also very small. Interestingly, this is not an indeterminate. The answer is zero.

Also note that this is not an indeterminate, and we do not need the computation shown above, but it
does still work: if we transform our expression to lim (8-3%), we think about an extremely small number
r——00

(something like 0.0000001) that is multiplied by 8. It will still be extremely small, and so the limit is zero.
m*) lim (log;o3z — logigx)

Solution: As x becomes larger and larger, both log;, 3z and log;, x are very very large, so we do not know
much about their difference. The idea that we subtract a very large number from another very large number
is not giving us enough clue to determine the limit. This is again an indeterminate. So, we must transform
the expression to a form where it is no longer an indeterminate. We will use the following property of

logarithms: log;ga — log;o b = logy (%)

3
lim (log;o 3z —log;pz) = lim log;, (x) = lim log;q3 = log;( 3
T—00 Tr—0o0 €T Tr—0o0

This expression turned out to be constant, so the limit is the constant value.

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.
E-mail questions or comments to mhidegkuti@ccc.edu.
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