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Sample Problems

1. Compute each of the following limits. Show all steps, using correct notation.

1 -5 8 —5x3 —2x 44

a | - i _° _ 2 oL Al T S
oy O g (55-7+5) B Jm—

.1 5 12 —5a® — 2z +4

b) lim — &) lim (_2x3+1_+4> by i O 20t
T——00 I T—00 T x T—00 {123

_5 . 3z -2 —52% — 2z 44

c) lim — f)  lim i) lim i
z—00 213 T——00 I 100 4

2. (Polynomials) Compute each of the following limits. Show all steps, using correct notation.

a) lim (—22° —8z* 4 72® — 10) ¢) lim (—2z°+ 82%)
r——00 r——00

b) lim (—22° —8z* 4 72 — 10) d) lim (—225+ 82°)
Tr—00 T—00

3. (Rational Functions) Compute each of the following limits. Show all steps, using correct notation.

r+a2—6 b) i 249 )i 23 —9r+1
im —~— im —— c im — =
z=5"00 62 + ba? + 223 =00 5 4+ 222 — 3 25700 322 — 22 — 15

a)

4. (More indeterminates) Compute each of the following limits. Show all steps, using correct notation.

2) xlggo (3771 = 37) 1 1 g) lim rr2
e) limaz|-— — z—00 2T — 277
D) i 3VE 2 5——
N b lim (VE 1Bz T 1)
c) i V2r —1—+/2
) £ 0o (V2o 2 1 i) lim (logs 4z — logg 12x)
Q) lim VT ) xlggo 1 i) lim logs (92?)
T—00 \/lT — \/ﬁ T E T—00 10g3 (27.’1/‘)
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Compute each of the following limits. Show all steps, using correct notation.

1.

(© copyright Hidegkuti, Powell, 2010

23:2—1

z—o0 HT—1

231—1

z——oc0 HT—1

22r+3

T—00 5&8—1

22m+3

z——oc0 HT—1

22m+3

T—00 4a:—1

22x+3

z——oc0 421

2x+3 . 33:71

T—00 7r—2

8.

10.

11.

12.

13.

14.

Practice Problems

222:—0—3 . 31—1
lim
T—00 7r—2

lim (vVZ+1- )

T— 00

1m —_ —=

X

lim
g—oo \/x —1++/x +1

_ VE
Vz+t1—+2z

lim
T——00

lim 0.5 +0.57%
z—oo (.57 — 0.57%

15.

16.

17.

18.

19.

20.

21.

0.5*+0.57*
z——o0 0.5 — 0.5~%

lim

lim (272 — 27)

r—00

logy 4z

z—o0 logy 167

lim (logy 4z — log, 16x)

r—00

lim (v2z — 2)

T— 00

lim (572 — 5%)

(5
s < o2 )
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Sample Problems - Answers

2.) a) o b) —oo c) oo d) oo 3.) a) 0 b) % c) —oo
4) a) co b g )0 d) —1-v3 e —% )1 g 1  h)undefined
D o-1 ) 2

1) oo 2) 0 3)0 4) o0 5)32 6)32 7.)0 8) oo 9)0

10) 0 11) oo 12) undefined 13) ——  14) -1 15) 1  16) oo 17.) 1
a
1
18) —2 19) oo 20) oo 2L) =

Sample Problems - Solutions

1. Compute each of the following limits.
1

a) lim —
T—00 I

Solution: This is a very important limit. Since the limit we are asked for is as x approaches infinity, we
should think of x as a very large positive number. The reciprocal of a very large positive number is a very
small positive number. This limit is 0.

Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of x as a very
large negative number. The reciprocal of a very large negative number is a very small negative number.
This limit is 0.

©) Jfim o3
Solution: Since the limit we are asked for is as x approaches infinity, we should think of = as a very large
positive number. We divide —5 by a very large positive number. This limit is 0.

© copyright Hidegkuti, Powell, 2010 Last revised: July 6, 2015



Lecture Notes Limits at Infinity - Part 2 page 4

Solution: This limit is —7 since the other two terms aproach zero as x approaches negative infinity. Using
mathematical notation,

lim ;5—7+§= lim _—5+ lim —7+ lim §:0—7+0:—7
X Tr——00

z——o00 213 z——o00 213 T——00 I
5 12
e) lim (—2@63 +1-— - + :1:4>
r—00

Solution: This limit is —oo since the first term approaches negative infinity, the second term approaches 1
and the other two terms aproach zero as x approaches infinity. Using mathematical notation,

12 12
lim <—2x3+1—2+$4) = lim (—22°) + lim 1+ lim <—5> + lim () =-004+1+0+0=—00

-2
f)  lim 3z

r——00 €T

Solution: This problem is similar to the previous problems after a bit of algebra. We simply divide by z
and then the limit becomes familiar.

lim Sr—2 _ lim <3m_2> — lim <3_2> —
r——00 X r——00 e x T——00 X

) i —5x3 —2x +4
& o )
Solution:
—5z3 — 2z 4+ 4 —5z3 =2 4 2 4
limx—x—i_ = lim v —i——x—f—— = lim | -5z — — + —
T—00 2 T—00 2 2 2 T—00 T 2
. . 2 . 4
= lim (=5z)+ lim {—— )+ lim | — | =—-00+0+0= —00
—5z3 — 2z +4
h) lim :U—gw—{'
T—00 €T
Solution:
. —hxd -2z 44 , —5z®  —2x 4 , 2 4
dm s = i, <x3+x3+x3> = Jim, (‘5‘ mz+x3> =5
. . b3 —2x+4
i) lim —
Tr—00 €T
Solution:
! —5:1;3—2:1:—1—471, —5x3+—2x+i T ;5 £+i _ 0
:Ci)rgo ,CC4 - xi»rgo $4 1’4 $4 - xl»rgo €T {L’3 $4 o
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2. Compute each of the following limits.

(© copyright Hidegkuti, Powell, 2010

a) lim (—2z° —8z* + 723 — 10)

r——00
Solution: The first term, —2x° approaches infinity and the secomd term, —8z* approaches negative infinity.
This does not give us enough information about the entire polynomial. A limit like this is called an
indeterminate. We will bring this expression to a form that is not an indeterminate. In this case,
factoring out the first term does the trick.

In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term. Recall that the leading term is the highest degree term.

lim (—22° — 82" +72° —10) = lim (—22°)

r——00 r——00
Here is the computation showing why this is true. We first factor out the entire leading term.

lim (—22° —8a* 4+ 72® —10) = lim (-22°) (1 + % — 9772 + ;)

T——00 Tr——00
4 7 5
P 1 —_ 5 . 1 —_—— —_—— —
= i (-2rf) i (140 e )

= lim (-22°) 1= lim (—22°)

T——00 T——00
We can now easily determine that this limit is oc.

b) lim (—2z° —8z* + 723 — 10)

Tr—00

Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term. Recall that the leading term is the highest degree term.

lim (—22° — 82 + 72% — 10) = lim (—22°)

T—00 T—00

Here is the computation showing why this is true. We first factor out the entire leading term.

m (205~ 80t 1 72— 10) — lim (<20 (14 - L 43
Jim. (—22° — 8z* + 7z — 10) = Jim. (—22°) <1+x ~ 5 +x5>
_ . 5 . 4 7 5
= Jim (-2 Jim (143~ 55+ %)
= lim (—2:65) -1 = lim (—29:5)

r— 00 T—00

We can now easily determine that this limit is —oc.
¢) lim (—2z°+ 8z)
T——00

Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term.

lim (—2:65 + 8:66) = lim 82% =00 because
T——00 T——00

. . ) 1 . . 1
Jim (2207 +82%) =l (82° - 227) = lim_ (807) (1 - 41») = Jim (827) - Jim_ <1 - 4$>

= lim (8$6) 1= lim 88

r——00 T——00

We can now easily determine that this limit is oco.
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d) lim (—22° + 82°)

Tr—0o0
Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term.

lim (—23:5 + 83;6) = lim 82° = 0o because
r—00 r—00

. . . 1 . . 1
Jim (2 8at) =l (528 = 207) = Jim (82 (1 ) = fim (52 Jim (17, )

= lim (8x6) -1=00

r—00

We can now easily determine that this limit is oco.

3. Compute each of the following limits.
. r+2% -6
a) lim ——————
z——o0 61 4 5a? + 213
Solution: The numerator approaches infinity and the denominator approaches negative infinity. This does
not give us enough information about the quotient. A limit like this is called an indeterminate. We

will bring this expression to a form that is not an indeterminate. Let us rearrange the polynomials in the
rational function given. Then we will factor out the leading term in the numerator and denominator.

1 6
2
14 = —
_ 2?2 +2 -6 . v < Tz 332>
A 2 522 1 6m i 5 3
2x3<1++2>
2z

We now express the limit of the product as the product of two limits

1 6 1 6

22 (1+--— ) 1+ - — —

) z  z2 ) x ) z 2
lim = -l

= m
e 5 3 e e P 5 3
2r  x2

The first expression can be simplified and thus has a limit we can easily determine its limit. The second
expression, although looks unfriendly, is always going to approach 1.

1 6 1 6

2 1 -
) $2+{L'—6 ] T < +27 xz ) 2 ) 1+;—?
hIEI 223 4+ 522 + 62 - :EEEDOO 5 3 :thPOOTx?’.xEIPOO 5 3
e st 2x3<1++) I+ +3
2¢ 2 2v  x

. 1
= lim —-1=0-1=0
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22+ 9
im ———
z—00 5 + 222 — 3
Solution: ~ Both numerator and denominator approach infinity. This does not give us enough information
about the quotient. A limit like this is called an indeterminate. We will bring this expression to a form
that is not an indeterminate. Let us rearrange the polynomials in the rational function given. Then we will
factor out the leading term in the numerator and denominator.

b)

9
2 1 - 9
im ———— = lim = lim —  lim ——%
=00 222 + b — 3 =%, 5 (1 5 3 00 212 x—>ool+i_ 3
T + % - 202 2x 212
9
= lim - lim z? =—-1==
1
2¢r  2x2
23 -9z +1
¢) lim —5————
z=5"00 32 — 2z — 15
Solution:
9 1

3  — i 9 1

=9z +1 : x< 23 N
Iim ——— = lim = lim — - lim —2%&~ &

T——00 3.%'2 —2x — 15 r——00 2 5 T——00 3{1}2 r——00 2 5

3221 — — — = l—f——

3z 22 3r =z

4. (More indeterminates) Compute each of the following limits. Show all steps, using correct notation.
a) lim (371 —37)
r—00
Solution: This is an "infinity minus infinity" type of an indeterminate. We need to first transform this
expression until it is no longer an indeterminate.

lim (3*"!' —3%) = lim (3"-3-3%) = lim (3-3"—3%) = lim (2-3%) =2 lim 3" = o
2
b) lim m

1
Solution: Since lim /x = oo, clearly lim — = 0. We will use this fact; we factor out y/z from both
r—00 T—00 /T

numerator and denominator.

2

3 -
3vVx +2 . ﬁ( +\/5>
1m7:hm—
z—o0 5y/r +1  a—oo

w

_l’_

= lim

A

SERE
Il
ol W

c) xh_}nolo (V2zr —1-22)

Solution: We will transform this expression by multiplying it by 1, written as a fraction with numerator
and denominator both being the conjugate of the expression.

V2x —1—+2x 2x—1+4++v2
lim (\/233— —\/2:1:) = lim ’ S TV
Z—00 1 V2x — 142z
. (2z-1)—(22) ) -1
= lim = lim =
=00 (/22 — 142z 2702z — 142z

r—00

0
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d) lim L
T—00 /¢ + — \/ﬁ
Solution: We factor out y/z from both numerator and denominator.
1
lim L = lim VT = lim ——
=00 \/x 4+ 1 — 2z z—00 vo+1 z—oo [ 41
VT -2 -2
Ve T
i 1 1 1 1+v2 1442
= 1m = = . =
T—00 1 1-v2 1—-+v2 1 2 -1
L, VB IV 1+VE
x
= —1-Vv2
1 1
e) limaz| - — —
Tr—00 5 -
x

Solution: We just need to simplify the complex fraction. As it turns out, this problem boils down to a type
we have already seen.

1 1 1 1 1 x 5z —1) — bz
zl-—-——=]| = z|-—-———|=2(=-— =z |—>t—
5 1 5 br—1 5 b5z 1 5 (52 — 1)

5r — 1 —b5x —1 —T
= T —_— =X =
55z —1) 250 —5  25x—5

Thus
lim 2 %_;1 _1im25‘”f5_1im”3(‘1)5__215)
T—00 5_ = T—00 €T Ioog[;<25_>
€ T
1
T+ —
f) lim Qf
Tr—00
T — =
T

1
Solution: We will factor out z from both numerator and denominator, and use the fact that lim — =0
r—00 I

for all positive integers k.

1 1 1

T+ = $<1+w2> 1+
lim L — lim = lim |

- - v (1-— 1 -~

X x x
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) i 2% 4 27°
8 w9
Solution: First, lim 2% = oo (and so 27 is large) and lim 27 = 0 (and so 277 is small). With that in
—00 T—00
1
T+ —
mind, this limit is similar to lim :f . The solution also will be similar. We will factor out 2* from
Tr—00
oz
both numerator and denominator.
1
| = lim = lim = lim =1
T—00 2T — 92— T—00 1 T—00 1 T—00 1
2% — — . 1— —
o (236)2 22z

h) EIPOO (VBz —1— 3Bz +1)

T

Solution: When z — —oo, then we may assume it is negative. Then the expressions under the square root
are negative and the function is not defined. Thus, there is no limit at negative infinity. The answer is:
undefined.

i) lim (logs 4z — logs 12x)
r—00
Solution: This is an infinity minus infinity type of an indeterminate. We will use properties of lgarithms

to bring it to a form that is no longer an indeterminate. Recall the rule logs a — logs b = logs %

. . e\ 4\ Iy .. _
xll)rgo (logs 4z — logg 122) = xlggo <log3 m) = xlg{)lo <log3 12> = xlgglo <10g3 3) = xh_)rgo (-1)=-1

i logs (9:1:2)
Dl or)
Solution:  This is an infinity divided by infinity type of an indeterminate. = We will use properties of
lgarithms to bring it to a form that is no longer an indeterminate. Recall the rules log; a + logs b = logs ab

and logs (a’) = blogs a.

. logg (9352) . log3 9+ logg 22 . 2+42logszx
llm —_— = 1m — hm e
z—oo logs (27x)  @—oologz 27 +logzx  z—co 3 +logzx

Since lim logs x = oo, this is still an indeterminate of an infinity divided by infinity type. However, it is
T—00
2+ 2x

very similar to lim
r—00

and so we will transform it using the same technique. We will factor out logs

1
from both numerator and denominator and use the fact that lim =0
z—00 logs X

logs < + 2>
2421 2
lim 73—:_1 83T _ lim log33 a =7= 2
—00 T—00
’ 083 logs < + 1>
logs x

For more documents like this, visit our page at https://teaching.martahidegkuti.com and click on Lecture Notes.
E-mail questions or comments to mhidegkutiQccc.edu.
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